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ABSTRACT: We study the “fermionic billiards”, i.e. the chaotic dynamics of the gravitino,
that arise in the near-spacelike-singularity limit of eleven-dimensional supergravity and of
its dimensional truncations (notably four-dimensional simple supergravity). By exploiting
the gravity-coset correspondence, we show that the billiard dynamics of the gravitino is
described by a ‘spin extension’ of the Weyl group of the hyperbolic Kac-Moody algebra
E1p. This spin extension is a discrete subgroup of (a spin covering of) the maximal compact
subgroup K (F1q) of Eqg that is generated by ten (simple-root-related) idempotent elements
of order 8. The ‘super-billiard’ that combines the bosonic and fermionic billiards is found
to have a remarkably simple structure, which exhibits a striking analogy with a polarized

photon propagating in the ten-dimensional Lorentzian Weyl chamber of E1q.
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1 Introduction

Some time ago, the study a la Belinski, Khalatnikov, Lifshitz (BKL) [1] of the chaotic
behaviour [2] of the general solution of the bosonic sector of 11-dimensional supergravity



(SUGRA1;) near a spacelike singularity revealed a hidden connection with the hyperbolic
Kac-Moody algebra Ejg [3]. More precisely, it was found that, in the near-singularity
limit, most bosonic degrees of freedom “freeze” (i.e. have some finite limit), except for the
10 ‘diagonal’ components of the spatial metric (parametrized by their logarithms; 5% ~
—In g4q) which undergo, at each spatial point, a chaotic billiard motion within a conical
polyhedron in an auxiliary 10-dimensional Lorentzian space, which can be identified with
the Weyl chamber of Fyy. Further work has shown that this Eg-related billiard motion was
the lowest approximation (‘height 1’) of a hidden correspondence, which was checked up
to height 29, between the SUGRA{; dynamics and the dynamics of a massless particle on
the infinite dimensional coset space F19/K(E1) [4]. [Here, K(FE1g) denotes the maximal
compact subgroup of Ejg, see below.] More evidence for the presence of a hidden Ej
symmetry in SUGRA1; came from the consideration of the fermionic sector of supergravity
which could also be put into correspondence (up to some approximation roughly equivalent
to the height 29 of the bosonic sector) with a fermionic extension of the Eyg/K(E1p)
coset model [5-7]. For more work on the correspondences between gravity theories and
Lorentzian Kac-Moody algebras see [8-12]. For a recent review, see [13]. For other works
suggesting a hidden role of Lorentzian Kac-Moody algebras in supergravity or string theory,
see [14-17].

The aim of the present paper is to study the fermionic side of the billiard dynamics
taking place in the near-singularity limit. Instead of testing the conjectural gravity-coset
correspondence to higher levels of approximation, we shall here go back to the lowest level
of approximation (‘height 1) and consider the Kac-Moody-related mathematical structure
behind the billiard dynamics of the SUGRA;-gravitino. We shall find that this structure
exhibits a remarkably simple interplay between Ejo (hyperbolic) and K (Eyg) (elliptic)
aspects.

In this work, we shall study the fermionic side of cosmological billiards within the stan-
dard algebraic framework where the ‘classical’ supergravity dynamics makes mathematical
sense. Namely, we assume that the fermionic variables () take values in the odd-part of
a Grassmann algebra, while the bosonic variables (g, A) take values in the even part of
the same algebra. Then, with respect to the grading defined by a basis in the underlying
Grassmann algebra, one has ¢ = 1 +3+..., whileg=go+go+..., A=Ag+As+....
The ‘body’ (g0, Ag) then satisfies the Einstein-3-form equations without any ‘back-reaction’
of 1 (which only enters the ‘soul’ parts gs, As, ... ), while the lowest component 1; of 9
follows a dynamics driven by gy and Ag. We are aware that [18, 19] have shown that, in
the case of an Einstein-Dirac system, the replacement of the O(¢)?) source terms for g by
classical VEV’s (of grading zero instead of two) strongly modifies the bosonic dynamics
(then taking entirely place at grading zero), and, in particular, destroys the chaotic nature
of the near-singularity limit. However, we do not think that such a replacement is math-
emetically or physically justified. Pending a truly quantum analysis (in Hilbert space) of
the back reaction of fermions, we think our analysis below is mathematically sound.

We shall also consider the truncation of this fermionic billiard to 4-dimensional N' =
1 supergravity (SUGRAy4). In this case, the relevant (hidden) hyperbolic Kac-Moody
symmetry is AE3 (or AIFJF, the hyperbolic extension of A; ~ sly), and the relevant coset



model involves AFs3/K(AEs3) [14]. In both cases (E19/K (F19) and AE3/K(AE3)), we shall
find that the ‘fermionic billiards’ exhibit a remarkable factorized structure involving both
Lorentzian (SO(9,1) or SO(2,1)) and Euclidean (SO(10) or SO(3)) structures. These
results may suggest new ways of thinking about the fermionic extension of the E1o/K (E1)
coset model. Some of our results may also be of interest for mathematics as they involve
what we shall call “spin extensions of the Weyl groups” of hyperbolic Kac-Moody algebras.

2 Cosmological billiards and the conjectured gravity/coset correspon-
dence

In this section, we shall present a brief survey of the so-called “cosmological billiards” [14]
and describe some elements of the bosonic side of the gravity-coset correspondence. This
will allow us to fix the conventions and notations used in this article.

2.1 Maximal supergravity in the BKL-limit

We start with a short review of the billiard limit of the bosonic sector of D = 11 supergrav-
ity.! In other words, we consider the behaviour of a general solution close to a spacelike
singularity in the leading BKL-like ‘gradient approximation’, where one keeps only time
derivatives and the dominant terms involving spatial gradients. We will adopt a space-time
slicing such that the singularity “occurs” on the coordinate time slice ¢t = +o00. This slicing
is built by using pseudo-Gaussian coordinates defined by a vanishing shift leading to a
metric of the form

10
ds® = —N?(t,z)dt* + > gmn(t, 1) ()" (2). (2.1)

m,n=1

Here, {™(z) = Zlﬁl £M(z)dx' could be an arbitrary spatial frame. For simplicity, we
will use a coordinate frame ™ (z) = dz™. Note that, in order to avoid ambiguities in later
formulze that involve repeated indices but no sum, we shall often dispense with the Einstein
summation convention and explicitly indicate the needed sums. Furthermore, we choose
the time coordinate? ¢ so that the lapse function is linked to the spatial volume density via

N(t,z) = v/det gmn(t, x) (2.2)
and we adopt a generalized temporal gauge for the three-form potential, i.e. Ay, = 0.

Without loss of generality, we describe the independent degrees of freedom of the spatial
10

metric gy, by an Iwasawa decomposition of the associated vielbein e, (gmn = > ,~ 1 €5e5),
et = e N, (2.3)

10
implying  gmn = Z e N N, (2.4)

a=1

!See appendix A for our conventions in the Cremmer-Julia-Scherk action [20].
2The proper time T is related to t by dT = N(t,z)dt at each spatial point z [14].



Here the N',,’s are upper triangular matrices which have 1 as diagonal entries. The loga-
rithmic scale factors % describing the ‘diagonal’ components of the metric (see eq. (2.4))
play a crucial role in the ‘near-spacelike-singularity limit’ (which corresponds to T' — 0,
t — +oo and 2(110:1 3% — 400, so that the local volume /det g,,, = e~ oz B collapses at
each spatial point). This limit shall also be referred to as the ‘BKL-limit’ in the following.
Let us first recall that the part of the supergravity Lagrangian that only depends on the
time derivatives (3 := % of the scale factors § reads

10 .2 10 .2 10 o
L= (8) - (X8) = X Gups" (2.5)
a=1 a=1 a,b=1
This defines a flat Lorentzian metric G in the d = D — 1 = 10 dimensional space of scale
factors 5 with signature (— + ---+). This Lorentzian metric G' plays a crucial role in
the gravity-Kac-Moody-coset correspondence.? It will also be of prime importance for the
discussion of the gravitino in section 3. If the dynamics were completely described by the
Lagrangian £ 3 (2.5), the scale factors 3 would follow a geodesic in the flat Lorentzian space

(R @) (or B-space):
B = vt + G5 (2.6)

In addition, the leading (-terms in the Hamiltonian constraint impose the condition

10
0= Z Gabv“vb (2'7)

a,b=1

which means that the geodesic (2.6) is a null geodesic.

The null geodesic (2.6), (2.7) is the S-space description of a Kasner solution. However,
such a Kasner-like solution is profoundly altered when one takes into account the additional
contributions to the Lagrangian (beyond (2.5)) coming from the off-diagonal components
N%, (2.4) of the metric, the electric and magnetic energy of the three-form A, (¢, z),
and from the spatial gradients of the metric. The detailed analysis in [14] shows, after
having changed to the Hamiltonian formalism, that all the other degrees of freedom of
supergravity result in adding to L'ﬁ (2.5) several potential densities V4 (labelled by an
index A) which have an exponential dependence upon the [3’s:

Vi = cqe 2040, (2.8)

Here, the coeflicients ¢4 depend on other degrees of freedom (N2, Apnp,... and their
conjugate momenta) and the a4(3) are linear functionals a4 (5) = Z}le aa qf% The
sum of (2.5) and (2.8) leads to a kind of Toda model for the dynamics of the #’s. In
the near-singularity limit 230:1 (8% — +00, one can order the various potentials in terms
of their importance for altering the monotonic zeroth-order geodesic Kasner motion (2.6)
into a chaotic dynamics. There are 10 dominant Toda terms with exponents «;(3) with

3@ is part of the deWitt supermetric.



i=0,...,9 (see eq. (2.10) below), which all have positive coefficients ¢;. The ten terms

—20y (

xe #) conventionally define the ‘height 1’ in an approximation scheme where the higher

order terms are made of various products of the ten dominant terms (e.g. e 2¥1e=292 =

e~ 2(e1ta2) §g of ‘height 27, e~2(@1+a2tas) of height 3, etc.).

Nine of the dominant Toda terms come from terms (2.8) in the Hamiltonian where
the coefficients are quadratic in the conjugate momenta of N% (2.4). They are called
‘symmetry walls’. The choice of parametrizing the spacetime metric g by upper-triangular
matrices N (2.4) implies that the functionals a4 corresponding to symmetry walls have
the form [14]

Oy (B) = B — B witha<b=1,...,10. (2.9)
Among the (10 x 9)/2 = 45 symmetry walls, the dominant ones are
Qi = Q) =B —pt fori=1,...,9. (2.10a)

The tenth dominant Toda term comes from the potential (2.8) in the Hamiltonian which
arises from the ‘electric’ energy density of the 3-form A,y (t,z). The antisymmetry of
Apnp implies that the corresponding ‘electric walls” have the form

abc(ﬁ) ﬁa—i_ﬁb—i_ﬁc

with a,b,c € {1,...,10} being all different. Among these, the dominant ‘electric wall’ is

ao(B) = afhs(B) = ' + 5% + 6°. (2.10b)

All the other potential terms, which include the subdominant symmetry and electric walls,
the ‘magnetic walls’” ag, 24 (3) = B + -+ + (3%, and the ‘gravitational walls’ al9) (see
e.g. (2.18) below) can be written as linear combinations with positive integer coefficients
of the 10 dominant walls a; (2.10). It has been shown in [4, 8] that, up to height 29 in
an expansion in dominant walls, the SUGRA;-dynamics (for all the bosonic degrees of
freedom) following from the sum of (2.5) and all the other terms (2.8) can be identified
with the geodesic dynamics of a particle on the infinite-dimensional coset space 1o/ K (E1q)
(which can be written as the sum of (2.5) and of an infinite number of potential terms (2.8)
where the linear forms a4 () now label the positive roots of Fyg).

In the following, we shall focus on the ‘height 1’ approximation (which is common to
SUGRA; and to the E19/K(F10) coset) that consists of keeping only the 10 dominant
Toda walls, i.e. of adding to (2.5) a potential term of the form (with ¢; > 0)

9
Vi=> ce 20, (2.11)
=0

One can even further approximate the 10 Toda walls (2.11) in the BKL-limit Z}le [ —
400 by a sum of ‘sharp walls’

sharp Z @ 20[2 (212)



where O[z] denotes an ‘infinite step function’ O[z] = 0 for < 0 and O[zx| = 4o for
x > 0. The ‘sharp potential’ (2.12) has the effect of modifying the monotonic geodesic-
Kasner solution (2.6) of the free action (2.5) into a “zigzag” of straight line segments, of

the form (2.6), interrupted by ‘collisions’ with the 10 sharp dominant walls
ai(f) =0 withi = 0,...,9. (2.13)

Thus, the motion of the scale factors is restricted to the polywedge «;(5) > 0 for i =
0,...,9. In addition, the instantaneous ‘velocity’ v® = i (2.6) of the S-motion is still
constrained by the BKL-limit of the Hamiltonian constraint to satisfy eq. (2.7), i.e. to be
lightlike. The effect of each collision on a particular wall, say «; (2.13)% is to transform the
incoming Kasner velocity v (2.6) into the outgoing one v = r;(v) by the usual formula for
a geometric reflection 7; in the hyperplane (2.13) in 3-space (R!°,G) [7]:

20 (v) #
) — " 2.14
ri(v) = v il aj ( )

—
~—

Here ozl# denotes the contravariant version of the covariant vector (or linear form) «;(3) =

10 :
[a:l ai, G,/Ba’ L.e.

10
ozl#a = ZGabaLb (2.15)
b=1

where G denotes the inverse of the basic S-space metric (2.5). The round brackets (-|-)
appearing in the denominator in eq. (2.14) denote the scalar product defined by the metric
Gap, or its inverse (depending on whether one considers covariant or contravariant vectors).
For instance, (o;|oj) = chz(,)bzl GPq; 40 p, which is equal to (a?&]a}#) =0, Gabaz# aafb
as well as to ai(a;%) =10 o gaifes

From the scalar products between the dominant walls «; (2.10), one defines the fol-
lowing matrix:

2(ailay)

(i)

Ajj = (2.16)
It is found that this matrix is integer valued: with A; = 2 and —A4;; € N when ¢ # j. In
addition, for SUGRA1; (i.e. Eyp) as well as for SUGRAy (i.e. AE3), all the dominant walls
have the same ‘squared length’ (c;|oy) = 2, so that A;; is symmetric. One can associate to
A a Dynkin diagram by drawing a node for the 10 dominant walls «; (2.10) and link them
by —A;; lines, which results in the Dynkin diagram of the hyperbolic Kac-Moody algebra
Eo [3] displayed on page 7. The matrix A (2.16) is the corresponding Cartan matrix [21]
of Fqg for the present case of D = 11 supergravity. In addition, the restriction of the Fqg
invariant metric to the Cartan subalgebra coincides (when using suitable coordinates, also
denoted (% in the Cartan subalgebra) with the basic S-space metric Gy, introduced in
eq. (2.5).

4All the dominant walls are found to be timelike, i.e. to have spacelike gradients [14].
Note that the reflection (2.14) preserves the null constraint (2.6) on the velocities v*.
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Figure 1. Dynkin diagram of Fyg.

Summarizing so far: the SUGRA1; billiard picture in (-space, arising as leading ap-
proximation in the sharp wall BKL-limit, can be identified with a ‘Kac-Moody billiard’ via
a dictionary that maps:

1. the ten gravity scale factors to coordinates 5% in the Cartan subalgebra of Fyg

2. the ten SUGRA1; dominant walls «; to the ten simple roots of Ejg.

In other words, the billiard table, defined by the ten inequalities «;(3) > 0 is identified
with the Weyl chamber of Eig, and the bosonic billiard dynamics, comprising successive
reflections (2.14) in the dominant walls, is mapped into a product of Weyl reflections r;, ,

i.e. an element w of the Weyl group Wg,, of Ejg, say
(2.17)

w:rilriQ...ri

n

where the length of the Weyl ‘word” w € Wg,, (describing the billiard dynamics towards
the singularity) grows indefinitely as t — +oo. It is this aspect of the bosonic gravity-coset
correspondence that we will generalize to the fermionic sector in section 3.

2.2 Truncating SUGRA; to SUGRA,, and correlatively reducing Ey to AEj3

Before doing so, let us explain a result that we shall need below: how the inclusion of
N =1 SUGRA4 within SUGRA; corresponds to an embedding of AE3 within Ejg. Here,
we shall indicate how a sub-billiard of the (full) SUGRA; billiard gives rise to the Cartan
matrix of AF3 in the BKL-limit.

To obtain N’ = 1 supergravity in D = 4 from SUGRA;, we have to perform two steps.
First, we reduce the theory down to 4 dimensions by compactifying on a flat seven torus 77.
Second, we truncate the degrees of freedom of SUGRA1; down to those of ' =1 SUGRA4.
In other words, we discard the three-form and in our pseudo-Gaussian gauge (2.1), we can
restrict the indices m, n to the values 1,2, 3 only. The (B-space now becomes 3-dimensional,
and endowed with a ‘reduced’ Lorentzian metric G, (of signature (— + +)) defined by
restricting the sums in eq. (2.5) to a,b = 1,2,3. Among the 9 symmetry walls (2.10a),
only two survive: a; := O‘fm) and ag 1= af23). The previously tenth dominant wall (2.10b)
disappears due to the truncation of the 3-form. However, we must now take into account
the gravitational walls, which we could neglect above, because they were hidden ‘behind’
other walls (i.e. subdominant), but which now will affect the dynamics of the -motion
near a singularity.

In D = 11 supergravity, the gravitational walls are given by [14]

10
oy (B) = B =B =B+ B (2.18)
a=1



oo o

Qe ay a9

Figure 2. Dynkin diagram of AFjs.

with ¢,d,e € {1,...,10} being all different. They are linked to the structure functions
CCe (db,, = %Ccdeﬂd A 05,,) of the Iwasawa frame 6f . = N¢,dz™. The dimensional

Iwa

reduction on 77 to D = 3 + 1 dimensions with the gauge fixing of the metric as in (2.1)
93

Twa Dave a non-trivial coordinate

implies that only the three spatial one forms H%Wa, HIQWa,
dependence. Therefore, all structure functions C¢;. apart from the ones with ¢,d,e €
{1,2,3} are zero. This entails that only the gravitational walls (2.18) with these indices
are present, because the corresponding potential (2.8) vanishes for zero structure functions
C€e [14]. Among the surviving gravitational walls, one easily finds (making use of the
dominant symmetry walls O‘flz) (B) = 3 - B > 0and af23) (B) = 3 — 3% > 0) that the

dominant surviving gravitational wall is:°
Q1= Qg = 261 (2.19)

Then following the prescription presented in the previous section, one computes the scalar
products between the three dominant walls oz‘(gm), a&g), 55, with respect to the inverse
of the reduced metric G, thus obtaining a 3 x 3 matrix A;;. One finds that this matrix is
the Cartan matrix of AE3, whose Dynkin diagram is displayed in figure 2.

2.3 Kac-Moody coset model and the role of the connection O

After having briefly reviewed how the BKL-limit of the bosonic sector of supergravity
gives rise to a billiard motion taking place in a Lorentzian polywedge, which can be iden-
tified with the Weyl chamber of a Kac-Moody algebra, let us review some of the elements
of the definition of the Eyo/K(F1g) (respectively AE3/K(AFE3)) coset model which has
been conjectured to capture the hidden Fjg (resp. AFE3) symmetry of SUGRA1; (resp.
SUGRA,). First, we recall that the relevant Kac-Moody algebra is inductively constructed
by its Chevalley-Serre presentation from the set of generators (e;, f;, h;) each corresponding
to a simple root or to a node in the Dynkin diagrams of Fyy or AF3. The elements h;
span the Cartan subalgebra b ([h;, h;] = 0). The basic Lie brackets among (e;, f;, h;) are
[hise;] = Aijej, [hi, fj] = —Aijf; and [e;, f;] = 0i;h; together with Jacobi identities and
Serre relations [21]. The maximal compact subalgebra K(g) of an algebra g is defined as
the fixed point set of the Chevalley involution defined by w(e;) = —fi, w(fi) = —e; and
w(h;) = —h;." Hence, K(g) is spanned by the elements

Ja,s = Las — E*CV,S) (2'20)

SNote that this dominant surviving gravitational wall in D = 4 differs from the gravitational wall that
would dominate the other gravitational walls in a direct analysis of SUGRA 11, namely aﬁ"g) 10-

"Note that for g = glg, the automorphism —w corresponds to the transposition in the standard matrix
representation of GL(d) and hence the corresponding subgroup K(G) = SO(d) indeed is the maximally

compact subgroup of the group G = GL(d) in the topological sense.



where F, , is a general ‘raising operator’, i.e. a multiple commutator of the simple “raising

operators” e;, and E_, s := —w(E, ). Each general raising operator is labelled by: (1)
a positive root® a € At (i.e. [h, Eas] = a(h)E, s for h € h) and (2) a degeneracy index
s = 1,...,mult(a) labelling the different elements of g having the same root . Due to

the similarity of the coset descriptions for hyperbolic Kac-Moody algebras, in particular
for F1g and AFE3, we will for clarity focus on the former. It is straightforward to generalize
the construction to other algebras, which will also be addressed in appendix B.

Assuming the existence of an Iwasawa decomposition, we parametrize the coset V €
E10/K(Eyp) for the Lie algebra g = Fyg by”

mult(a)

10
Y = exp <Z B“(t)Ha> exp Z Va,s(t)Eas | - (2.21)
a=1

acAt  s=1

Here H, (a = 1,...,10) is a general basis in the Cartan subalgebra h that was identified
with [-space and is hence endowed with the metric Gy, (2.5) via (Hg|Hp) = Gap. The link
between the general basis H, of h and the specific ten Cartan elements h; entering the
Serre-Chevalley presentation involves the simple roots «a; (identified with the ten simple
walls (2.9), (2.10b) via h; = 3.2° | 4% H, where

2

. #a

ay = o =
! (ai\ai) v

2
(cvia)

10
> G%ag. (2.22)
b=1

Note that the ‘co-root’ ¢&; = Z}le a?H, = h; (which belongs to the Cartan subalgebra, i.e.

the dual of the root space to which «; belongs) enters both in the (Weyl) reflections (2.14)
in the hyperplanes defined by the roots, which can be written as

ri(v) = v — a;(v)d;,
and in the definition of the Cartan matrix (2.16) tantamount to
Aij = aj(hi) = aj(d).

Let us also recall that a Kac-Moody algebra is called ‘simply laced’ if the Cartan ma-
trix A;; is symmetric. This implies that all the simple roots (and more generally all
the real roots) have the same length, which is conventionally normalized to (a;|a;) = 2.
In that case, which applies to the two specific Kac-Moody algebras Eig and AFEs that
we shall consider here, the co-root h; = &; becomes equal to the contravariant ver-
sion of the corresponding root ozl# (2.15) and the metric in Cartan space simply yields
(ailag) = (hilhj) = (duldj) = aj(@;) = Ayj. For simplicity, we shall assume in the main
text that we are in this simply-laced case. The general case of a non-symmetric Cartan
matrix will be discussed in appendix B.

8We recall that a root « is a linear form on Cartan space b and that a positive root « is a sum Do naa
where n; € N and «; is a simple root.
9We use the same symbol for groups and algebras. It should be clear from the context what is meant.



The decomposition of the Lie algebra valued ‘Maurer-Cartan velocity’
Wl=P+Q0cEy (2.23)

into an “antisymmetric” part @ € K(Fo) and a “symmetric” one P € E1g© K (F1) allows
us to define the coset Lagrangian

L= (PIP). (2.24)

2n(t)
The bilinear form (-|-) entering the coset Lagrangian (2.24) is the (unique) Ejp-invariant
bilinear form [21]. In the simply-laced case, it is such that (H,|Hp) = Gap, (hilhj) = Ayj
and (Eqs|Ea s') = 0ata/0ss'- See appendix B for the modifications that are necessary for
the non-simply laced case.
The bosonic coset equations of motion derived from the Lagrangian (2.24) read (in the
gauge n(t) = 1 that we shall henceforth use for simplicity)

OP(t) = [Q(t), P(t)]. (2.25)
In addition, the variation of the coset ‘lapse’ n(t) in (2.24) yields the constraint
0~ (P|P). (2.26)

In these equations, P € E19© K (E1g) represents the ‘velocity’ of the coset ‘particle’ moving
on the (infinite dimensional) coset space E1g/K (E1g). See [8] for the explicit proof that the
equations of motion (2.25) can be identified (up to height 29) with the equations of motion
of SUGRA; via a ‘dictionary’ which relates the (first few rungs of the infinite ladder of)
coset variables (3%, v4) to the bosonic gravity variables (8, N%m, Amnp, Ojm Anpgls C%%e)-

The fermionic extension of the coset model [5-7] has similarly shown that the bosonic
gravity-coset ‘dictionary’ could be extended (up to an approximation that corresponds to
the bosonic one) to a map relating the gravitino field ¢J(\21)(t,x) of SUGRA11 to a coset
fermionic variable 1 (¢) which belongs to the so-called ‘vector-spinor’ vs representation of
K (FE1g). Then, the fermionic coset equation of motion simply reads

du(t) = Q" ()¥(t) (2.27)

where Q" denotes the ‘vector-spinor’ representation of the object Q € K(F1g) that entered
the basic decomposition (2.23).

When comparing eq. (2.25) to (2.27), we see that the ‘antisymmetric’ part Q €
K(E10) of the Lie algebra valued velocity VW1 € Ejg (2.23) plays the role of a K(Ej)-
connection, realizing the ‘parallel transport’ of both the bosonic (coset-valued) ‘velocity’
P € Ey9© K(Fyo) and the fermionic coset variable ¢ € S}’(s( E10) (where S}’(s( Fro)
the K (FE1g) ‘vector-spinor’ representation space). In more intuitive terms, we can think of

denotes

Q(t) € K(F10) as being a continuous rotational angular velocity under which both P(t) and
(t) ‘turn’ within their respective linear representation spaces of K(Ejp). The common
occurrence of the same Q(t) in the bosonic and fermionic dynamics will play a central role
in the present work.

,10,



2.4 ‘Spiky’ structure of the K(Fy) ‘angular velocity’ Q(t) in the near-singularity
limit

Having reviewed the crucial role of the K (FE1g) ‘angular velocity’ Q(¢) in both the bosonic
and the fermionic equations of motion (2.25), (2.27), let us study the structure of Q(t) €
K (Fjo) in the BKL-type, near-singularity limit. In that limit, previous work on cosmolog-
ical billiards has shown that, as a function of the coset time ¢ (which tends to +oo rougly
proportionally to minus the logarithm of the proper time) Q(¢) was exponentially small
most of the time, except around the time of a ‘collision” with a dominant wall, when Q(t)
rose up to a finite value [11, 14]. To study the precise structure of these ‘spikes’ in Q(t),
it is enough to consider the ‘collision’ with a single wall. [Indeed, as t — 400, the coset
time intervalls between wall collisions grow linearly in ¢. This ‘one-wall collision’ process
is anyway interesting in its own right (“S-brane solution”, see below).]

For simplicity, as this will be the case for the simply-laced algebras E1g and AFEs3 that
we focus on here, we consider a wall form a(3) where « is a real (positive) root o € AT with
norm (a|a) = 2.1% In this one-wall approximation, the Iwasawa form of the coset element
V (2.21) only contains one term, v, (t)E,, in the second exponent of (2.21).!' Then, one
can easily evaluate the ‘Maurer-Cartan velocity’ (2.23) by using the basic commutation
relation [h, E,] = a(h)E,, involving any Cartan subalgebra element h € b:

10 S OH, - 3 B
VVfl‘ = Zﬁa(t)Ha + Uyea=t "Eae =1 ’
@ a=1
10 )
= () Ha + e* Vi E,. (2.28)
a=1

Its splitting into a ‘symmetric’ part P € F19 © K(F9) and an ‘antisymmetric’ one Q €
K(Eqp) as in (2.23)

10
. 1
_ a(rV | ZeBy (B E_ 2.2
P‘a ;ﬁ (t) a + 26 Va( o + a) ( 9&)
Qla = l60‘(‘3%&” (2.29b)

2

where J, = Ey — E_, = E, +w(E,) (2.20) allows one to evaluate the Lagrangian (2.24),
using the gauge n(t) = 1 for simplicity again:

10
1 2apb | L 2a(8) .2
£l =3 ;lGabﬁ G+ e, (2.30)

Note that the normalization of the kinetic term of v, has come from the normalization
(Eo|E—q) = 1 of the generators entering the K (Ejg) generator J,. The ‘cyclicity’ of the

ONote that the final result of this section is not altered for the more general case that occurs e.g. for
Kac-Moody algebras with non-symmetric Cartan matrices, which is treated in appendix B in detail.

"Tet us recall in passing that real roots are non-degenerate [21]. Hence, we can drop the degeneracy
index s in (2.21) without loss of generality.
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variable v, implies that its conjugate momentum

I, := %‘:‘ = %e%‘(ﬁ)pa (2.31)
is constant. This conservation law will prove important for analyzing the time evolution
of the Cartan variables 3% and of the K (Ejp)-connection Q (2.29b). The analysis of the
(B-dynamics is greatly simplified by adapting the notation to the geometry. This is achieved
by decomposing 3 into a component parallel (Bﬁ) and a component orthogonal (5} ) to the
considered wall a.

gt = pL+ B (2.32)
with g{ = (aof\i)) s

and 0 = a(f)) = (a¥|5))

with a(8) = 321 | 8% and the metric (--) as used in (2.14). Note that this decomposition
uses the Lorentzian metric G (2.15). As the wall potential in (2.30) only depends on
the one-dimensional orthogonal component 3, o «(f3), it is easily seen that the motion
parallel to the wall proceeds with a constant velocity Bﬁ as in (2.6). By contrast, the
motion orthogonal to the wall undergoes a non-trivial ‘Toda collision’. The corresponding
dynamics can be exactly solved by using the conservation of energy, which reads

1 .
B = J0(0) + e 2L, (2.33)

where E)| = —% Z}l?bzl Gabﬂﬁﬂﬁ denotes minus the conserved parallel kinetic energy (which
must be positive in view of the null constraint (2.7) valid far from the wall). Note that the
normalization factor 1 in the kinetic term of a(3) (2.33) has made use of (a|a) = 2. The
conservation law (2.33) allows one to explicitly find the time evolution of the ‘orthogonal’
distance a(3). Besides the constants II, and Fjj, it contains a time shift f. € R as a

constant of integration:

o) = Mol o _
e 2 cosh (2 Byt tc)> . (2.34)

Note that, when inserting the definition of II,, (2.31) and the result (2.34) into the expres-
sion of Q (2.29b), we obtain

B 7
“cosh(2,/E)|(t —tc)) "

where ¢, = % = +1 is the sign of II,. Equation (2.35) exhibits the precise structure

Q(t)|a = eia(B)HaJa = (2.35)

of the ‘spike’ of the ‘angular velocity’ Q € K(Ejg), which occurs at each collision with a
Toda wall: it is centered at ¢ = t. and given by an inverse hyperbolic cosine multiplying
the particular K (FE1g) generator J, = E, — E_, (2.20) associated to the considered root.
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It will be useful in the following to also consider the integrated effect of Q(t) through
the collision. For this, we define a finite ‘angle of rotation’ 6(t) about the fixed K(FE1q)
‘rotation axis’ J, such that the instantaneous value of the ‘angular velocity’ Q(t) reads

Q(t)l, = 0(t) o (2.36)
In other words, comparing with (2.35) we have
5 5 .
“ cosh (2, /B (t —tc))

Integrating this differential equation yields the following expression for the time evolution

0 = e V11, =

(2.37)

of the ‘angle of rotation’:
0(t) = eq arctan (62\/ E”(tftc)) +0_o (2.38)

where 0_o, = (—o0) € R is another constant of integration.

We clearly see on (2.38) the nature of the K (Fo)-‘rotation’ that takes place at each
wall: it consists of an arctan ‘kink’ (or ‘antikink’), localized around the central time ¢, of
the collision, and taking place on a finite time scale At ~ 1/ \/ET , during which most of
the rotation occurs. It is remarkable that the ‘total K (Ej¢)-rotation’ linking the initial

state at ¢ = —oo to the final one!? at ¢ = 400 is universally given by
61" = (c0) — O(—o00) = 60%, (2.39)

and is essentially independent of the initial conditions and of the characteristics of the
considered wall. [We show in appendix B that, if one normalizes the generators E, in a
standard Kac-Moody way [21], the result (2.39) is also independent of the norm of the root
«.] The only trace of the initial data is the sign &, of the momentum II, conjugate to v,.
In other words, the sign of II, determines whether §(¢) undergoes a kink or an antikink.

We have checked that the universal result (2.38), that we have derived here from the
coset model, can also be obtained by using gravity variables directly. For instance, in the
case where the ‘collision’ occurs on an electric wall, we can derive (2.38) from the electric-
wall bounce solution written in [22] (using a “Freund-Rubin ansatz”), while in the case of
a symmetry wall, eq. (2.38) follows from the formule given in [14]. We have here another
example where the coset model provides a common basis for expressing, in a uniform way,
a priori unconnected special solutions of maximal supergravity that are sometimes referred
to as “S-brane solutions” [23].

2.5 Rederivation of the bosonic wall Weyl reflection from the connection ‘kink’

Summarizing so far: We have shown that the K (E1)-valued ‘angular velocity’ Q(t) which
entered (in different representations) both in the bosonic coset equation of motion (2.25)

12The limits ¢ — 400 are to be physically interpreted as referring to the ‘billiard ball’ 8 being far away
from the considered wall a (incoming or outgoing), but also far away from the other dominant walls that it
encountered before, or will encounter later. In other words, the BKL-limit allows us to use a ‘dilute kink’
approximation.
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and in the fermionic one (2.27) was made of a sequence of well separated inverse-cosh
‘spikes’, proportional to the K(Ejy) generators J, = E, — E_, (2.20) associated to the
wall o on which the considered collision takes place. Before discussing, in the next section,
the effect of these spikes on the fermionic variables, let us see how their effect on the
bosonic variables reproduces the well-known BKL-type result (2.14) saying that the -
space ‘velocity’ of the incoming billiard ball is Weyl-reflected in each wall.

To do this, we have to notice that, in view of eq. (2.25), the action of the K(E)-
connection Q on the coset velocity P (2.23) is given by a commutator, i.e. by a (formal)
adjoint action.'® As the ‘rotation axis’ J, is fixed, one can formally integrate the equation
of motion (2.25) in the one-wall approximation to obtain

P(t) = () Ja - Plto) - e 00 Ja (2.40)

We see here how, at any intermediate time, the effect of a collision with one wall o on P
can be understood as a continuous ‘rotation’ given by the adjoint action (within Ejg) of
the associated K (Eg)-group element R, (t):

P(t) = RL(t)(P(to)) (2.41)
with Ry(t) := /®7a (2.42)

where the superscript Ad indicates the adjoint group action of R, (t) € K(Ej) on the
coset element P and where the “rotation” R,(t) about the axis J, is obtained from a
formal exponentiation of the algebra element 0(t).J,. One might worry whether the formal
exponentiation (2.41) is a well-defined procedure. It is in the present case, as we are going
to see. The basic reason is that, for a given real root «, the entire computation takes place
in an SL(2,R) subgroup.'4

Let us evaluate the action of the total K (FEjg)-rotation linking the initial configuration

P(—o0) to the final one P(+00):

P(o0) = R4L, (P(—00)) (2.43)
with Ry, = eo27a, (2.44)

In order to evaluate this ‘total rotation” R, on P(—00), one starts by noticing that, far
away from the wall (¢t — +00), the v-terms in (2.29a) become negligible due to e—B)
0 (2.31), (2.34), which leads to a simple expression for the initial datum

10
Pla(—00) = Y v"H,, (2.45)

a=1

13Mathematically speaking, one should reserve the name ‘adjoint action’ to the adjoint action of K (E1o)
on itself. Here, P belongs to a different representation space: the coset one Ei9 © K(F10). The action of
Q on P should therefore be called the ‘coset action’. Note, however, that this coset action is canonically
deduced from the adjoint Eio-action, given the decomposition (2.23).

MNote that the adjoint representation is integrable and that hence any slp-subalgebra generated by the
Chevalley triple (e;, fi, h;) for a simple root @ = c; can be integrated to the corresponding group [21]. As
far as the action on the Cartan subalgebra h is concerned, this statement extends to any real root of Fio,
which can also be considered as a simple root of a subalgebra.
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where v* = 3¢ (2.6) is the ‘incoming’ (-velocity. Hence, the initial coset ‘velocity’ (2.45)
belongs to the Cartan subalgebra. This drastically simplifies the calculation. The easiest
way to evaluate the action (2.43) is to work within the SL(2,R) subgroup generated by
the algebra elements E,, F_, and [E,, F_,] = hy = & € h. As in equation (2.32), we
decompose the Cartan-subalgebra valued initial datum P(—o0) (2.45) into two parts P
and P where oz(PH) = 0. The component Py is found to commute with E, and E_,, while
the action of the SO(2) rotation R, (2.44) on P o h, is obtained by exponentiating
Jo = Eq — E_, using [h, Ey] = 2E,. This is easily done by noting that the commutation
relations of h,, F, and E_, are those of an sls-subalgebra. In the canonical basis of
this subalgebra, we can represent E, =~ (8 é), E_ .~ ((1) 8), he = [Eq, E_4] = (1 0) SO

0 -1
that J, = B, — F_, = (91 é) Within this 3-dimensional representation of slo, we can
exponentiate J, ~ (91 é) into e?/e = Ty cos@ + J, siné, so that the adjoint action (2.43)

acting on the perpendicular component of P, P| o h, &~ (é 7?) evaluates to

(1p cos O + J, sinB) hy (13 cos @ — J, sin6)
B cosZ 6 — sin2 0 —2sinfcos b
—2sinfcosf —cosZO +sin?6

= c08(20)hy — sin(20)(Eqy + E_,). (2.46)

We see that, while for intermediate angles of rotation, P, is mapped out of the Cartan
subalgebra b and acquires a component o sin(26)(E, + E_,), the full rotation by § = 7
associated to a wall « transforms h,, into —h, (i.e. back into b).

In conclusion, this ‘K (FE1g) §-rotation’-calculation says that Pj(+oc) = +P)(—00)
whereas P (00) = =P (—00), which is precisely a reflection in the a(3) = 0 hyperplane,
as generally expressed by the reflection formula (2.14). Thus, the equation (2.43) links the

‘incoming’ velocity v® (2.45) for ¢ — —oo to the ‘outgoing’ one v'* for t — oo:

Vo= ro(v) = v—av)d. (2.47)

s

Note also that the sign €, = £1 of the F-rotation has dropped from this bosonic calcula-
tion, essentially because the relevant variable P involve the doubled angle 26 as we see in
eq. (2.46) (i.e. they live in the three-dimensional ‘spin 1’ representation of sl rather than
in the fundamental ‘spin %’ one).

In order to keep the notation simple, we have confined the analysis to the simply-laced
case from the start by assuming (a|a) = 2. It is explicitly checked in appendix B that,
actually, the norm of the (real) root « drops out of the final result and always yields a
geometrical reflection (2.47) for the (-velocity. The fact that a general Weyl reflection of
a finite-dimensional group G can be expressed by a 5-adjoint rotation about the ‘axis’ J,
in the compact subgroup K C G was recently noticed in [24], too. We also note that a
different exponential representation of a Weyl reflection (in the general Kac-Moody case)
is used in [21] (p. 36). Its relation to (2.44) will be discussed below.

In this section, we have shown explicitly that the Kac-Moody billiard associated to the
BKL-limit of D = 11 supergravity can be understood as a sequence of 90°-K (F1()-rotations
about the different axes J,, that are defined by the dominant walls «; (2.10), (2.20). Note
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that the ten ‘axes’ J, are generators in K (Fjo) which are orthogonal to each other with
respect to the Ejp-metric (-|-). We will see in the next section that the same picture holds
for the fermions. Namely, the same formal rotation R, (2.44), now evaluated in the
spinor representation of K (F1o) [5-7], acts on the fermions of supergravity, which can be
considered as the induced effect of the “collision of the scale factors % with a wall «o”.
This will lead us to introducing some ‘spin extension’ of the Weyl group.

3 Fermionic billiard of D = 11 supergravity and its K (FE;q) structure

3.1 Gravitino dynamics: gravity versus coset description

As a prelude to our study of fermionic billiards, let us recall the link between the standard
supergravity description of fermions and the coset one, which reveals its hidden K (FE1g)-
structure.

The gravity form of the fermionic equations of motion (neglecting non-linear fermionic
terms) derived from the Cremmer-Julia-Scherk action [20] reads (in the conventions recalled

in appendix A, using Einstein’s summation convention and flat indices A,... = 0,..., 10,
e.g. 04 = Ei\([am%aM,)
11 1 11

In this form, the coupling to the 3-form A (or rather F' = dA) appears explicitly on the
r.h.s., while the coupling to gravity is contained in the spin connection w,(p¢c] appearing

on the Lh.s. of (3.1):

1
VA%(B}U = (9A7,Z),(911) + ZwACDFCDTZJSU + wABC¢81)-

In the coset formulation, all the F-dependent terms on the r.h.s. can be merged with the
spin connection to form a K (F1p)-connection Q = 00+ 01 1+ 9@ 4+ 9B) .. where the
zero level term Q(©) involves the part of the spin connection which contains time derivatives
of the metric g, (t,x) (2.1), while the level 1 term Q) involves time derivatives of the
three-form A, the level 2 term o® space derivatives of A,,,, and the level 3 term o)
space derivatives of the metric (in the form of the structure constants C%,.). To reveal this
structure, one needs to gauge-fix both the metric and the gravitino, and to work with some
redefined fermionic variables: namely the following ‘coset’ combinations of the original
D =11 gravitino field ;) and of the supersymmetry transformation parameter €y)

10
1 a
¥ = det(gmn) (w?m - FOZFG¢(11)> (3.2)
a=1
P = det(gmn)%w?n) (3.2b)
€:= det(gmn)fie(n). (3.2¢c)

One fixes the supersymmetry gauge freedom by setting

Y = 0. (3.3)
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Note that we are not exhibiting the 32-valued spinor index of neither the supersymmetry
parameter €, nor the vector-spinor gravitino field ¢® at this stage. As already mentioned
above, the gravitino equations of motion in the gauge (3.3) and up to ‘level 3’ in the
sense indicated above, were found to be expressible as a parallel transport of an element
of a ‘vector-spinor’ representation of K (F1g) by the same connection Q(t) € K(Ejg) that
entered the bosonic equation of motion (2.27):

Oy (t) = Q”(t)Y(t). (3.4)

Let us again emphasize the analogies between fermions and bosons. The time evolution of
the gravitino (3.4) is completely analogous to the bosonic one (2.25): at each moment,
transforms by an infinitesimal K (Ejg)-‘rotation’ with the same ‘angular velocity’ Q(t) €
K(E1p) as for the bosonic case, except that now, Q is acting in a different representation.
The reader should keep in mind that the ‘fermionic’ representation of Q(¢) will have,
modulo the fact that it lives in a different space, the same time-structure that we studied
in section 2.4, namely a sequence of well-separated inverse-cosh ‘spikes’.!?

In the near-singularity limit, we need only to consider the ‘spikes’ associated to col-
lisions on the ten dominant walls «; (2.10) for ¢ = 0,...,9. We need now to recall the
definition of the vector-spinor representation vs of K(Ejp). It lives in a 320 dimensional
vector space and was defined in [5-7]. Here, it will be enough for our purpose to know
the action of the ten generators J,, (2.20) corresponding to the simple roots of E1g. They
act on v in the vector-spinor representation vs as 320 x 320-matrices. The explicit form of
these matrices follows from the results of [7] (see. eq. (2.26) there) or [6] and read

1
Jgg (w)a — §F123¢a + 46a[lr2¢3} _ Fa[l?w(ﬂ] (35&)
T () = irlr”lw + 2600 for i = 1,...,9. (3.5b)

Here, the T'%’s, a = 1,...,10, are SO(10) real gamma matrices ({T'%, T} = §%). As a next
step, recall from section 2.4 that the effects of the walls on the dynamics are obtained by
considering, separately and successively, the effect of each ‘spike’ in the connection Q. We
then start by integrating eq. (3.4) over one spike of the form

Vs _ p7Tus __ \/EiH Vs
Q¥(t) = 6J2 _Eacosh(2\/E_H(t—tc))Ja'

The only difference with the previous case (2.35) is that J now acts in a 320 dimensional
space, according to (3.5). As in the bosonic case (2.41), one can integrate the sequence of
infinitesimal K (Fy)-rotations (3.4) with angular velocity .J%* into

P(t) = Ra' ()¢ (o) (3.6)

where RY(t) = /s,

5Note that the time-evolution of the K (E1¢)-algebra element Q(t) is unambiguously fixed by the bosonic
dynamics (2.25). Due to the different grading in the classical Grassmann algebra, any fermionic “backre-
action” of the fermions only affects higher orders in the Grassmann algebra.
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Finally, the total effect of the collision on a wall o will be an integrated K (FEg) rotation

between the incoming gravitino 1) and the outgoing one 1/, given by

¢ = RE. W (3.7a)
with RY, = e™2/a, (3.7Db)

Therefore, if we consider, as in eq. (2.17) above, the billiard dynamics towards a singularity,
its effect on the gravitino variable ¢ will be represented by a growing ‘word’ made of
the product of the induced Weyl vector-spinor rotation (3.7) corresponding to the Weyl

reflections in the bosonic Weyl word w (2.17), i.e.

wb = RS RS cel RUYS . (38)

QigsCayy T Vig Eay, QXipEoy,

At this stage, our task to describe the motion of the gravitino is reduced to exponentiating
the operators (3.5) within the 320 dimensional representation space.

For a further investigation of this action, we now introduce the following (second)
redefinition of fermionic variables

e =T I%*  (no sum) (3.9)
with T, :=T!...T%.

The definition (3.9) would seem to drastically violate the SO(10) symmetry (the unbroken
subgroup of the space-time Lorentz symmetry SO(10,1)) which was present in the general
action of the vector-spinor generators J* (see their general definition in [7]). However, we
shall see that this loss of explicit symmetry is compensated by the appearance of simple
structures linked to the SO(9,1) Lorentzian metric Gy, (the restriction of the invariant
form (-|-) to the Cartan subalgebra of E1g) rather than to the SO(10) Euclidean metric dg,
built in the zeroth level of K (Fyg).

3.2 Induced Weyl group action on the redefined gravitino

The usefulness of the redefinition (3.9) will appear in streamlining the structure of the
wall-induced ‘rotation” Ry, (3.7) acting on the gravitino. Adapting the notation to the
geometry as for the 5 reflection (2.32), we split the ‘vector’ index! of the gravitino ¢ (3.9)
into components parallel and orthogonal to the wall «:

= ¢§ + (Pﬁ (3.10)
, aly)
th % = #a
with 9 (a\a)a
and 0 = a(y)

10

a1 @a®, modelled on the canonical pairing

where a(y) is a short-hand notation for >
a(f) that appeared in the bosonic case (2.32). A quick calculation then reveals that the
action of the generators .J,, (3.5) drastically simplifies to
Jarpl] = Ja. ] (3.11a)
ol = =3J3,¢1 (3.11b)

1%In doing so, the hidden spinor index of ¢ is left untouched.

,18,



where J; denote the Dirac spinor actions [19] (see also eq. (2.23) in [7]) defined by

1 123

oo = 5T (3.12a)
1 . .

JS = 51“Zr1+1 fori=1,...,9. (3.12b)

It is convenient to summarize the structure of the Clifford algebra valued generators (3.12)
by writing them simply as

1
Jo, = 5T fori=0,....9. (3.13)

where one introduces the short-hand notation

electric wall: «ag = ' + %2 + 3% — T =i’ (3.14a)
symmetry walls: a; = 7! — g8 — T'% = 7! (3.14Db)

Note that these ten I'*’s all satisfy the relation
(T)? = Tz (3.15)

and therefore can be considered as imaginary units i (with i> = —1). A remarkable fea-
ture of the result (3.11), (3.12), (3.15) besides their simplicity (compared to the original
form (3.5)), is the symmetry they reveal between a symmetry wall o;, i = 1,...,9, and an
electric one, «y.

The simplicity of the structure (3.11), (3.12) now allows us to compute the needed
exponentiated action of £,5.JJ°, namely

R = efodda, (3.16)

Q,Eq

Note that equations (3.11) mean that the parallel and the orthogonal parts cpﬁ and ¢4 of
the gravitino ¢ are ‘eigendirections’ of the vector part of the vector-spinor generator J3°.
More precisely, it is interesting to remark that, with the notation (3.13), the action of the
vector-spinor generators reads

1 ..
Jaioy = 3T,
Vs 3 (07

JCVZSOJ_ = _§F ZQPJ.?
thereby exhibiting the fact that the gravitino is a vector-spinor (spin 1 ® spin %) that
algebraically contains both a spin % and a spin % part. This eigencharacter, together with
the structure of the Dirac spinor action (3.13) implies that ¢ will rotate, under (3.16),
by exp(eo5I'*) (where « is any of the ten simple roots «; (3.14)) while ¢ will rotate
by exp(—eq221'®). Using the fact that each T'“ (or £,I'%) can be thought of as being an
imaginary unit i (3.15), so that we can write exp(—2ri) = —exp(Zi), we find that the
exponentiated action (3.16) boils down to

Reea?ll = Raea s

vs _ s
Ra,eagpl - —Ra75ag0l.
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Now, we recognize in these formulese the general definition of a geometric reflection in the
10-dimensional (3%-vector space (which was identified with the Cartan subalgebra h): the
orthogonal component changes sign, whereas the parallel one remains unaltered. In other
words, if we recombine the two ‘eigenspaces’, we find that the exponentiated vector-spinor
rotation associated to any dominant wall « is simply given by

P =35 el (R ] B (3.17)
b=1 B=1
where - [ra(@)]" = ¢° - T ot

is a vector reflection (in [-space, i.e. h) in the hyperplane a(3) = 0, and where

Ry, = e2la = efil” (3.18)
is a 32 x 32-matrix representing the K (Fpp) action on a Dirac spinor. To be clear, we
have made explicit all the indices on the redefined gravitino ¢ in eq. (3.17): the vector
indices a,b = 1,...,10 (‘contravariant’ in 3% space, i.e. living in §), and the (heretofore
suppressed) spinor indices A, B = 1,...,32 (living in a real, Majorana representation of
the Clifford algebra associated to SO(10)).

The crucial point to note in eq. (3.17) is that the induced action on the fermionic
variable ¢ (3.9) of what was a (Weyl) vector reflection on the bosonic velocity v € b is
the tensor product of a Dirac spinor action R, . (3.18) and a vector action r,, (2.47). In
other words, the redefinition of the gravitino (3.9) revealed that the vector-spinor action
Ree, (3.5), (3.17) in fact factorizes into a Dirac spinor and a vector action. As is clear
from the explicit expression (3.17), this factorization implies that, when considering no
longer one isolated collision, but a succession of several of them, we can write, say for a
consecutive collision with two walls G, a:

Roea R (9) = (raors) @ (RG . Rj e, ) (#)- (3.19)

Applying this factorization to the word representing the fermionic dynamics (3.8), we see
that the fermionic word w" (3.8) similarly factorizes in the tensor product of the bosonic
Weyl word (2.17) with a corresponding word w® in the Dirac-spinor representation:

w' =R RS SRS . (3.20)

ail 75041-1 a'LQ 7€ai2 ainyeain

In the next section, we will show that the redefinition of the gravitino (3.9) also simplifies
the analysis of its degrees of freedom, before investigating the Dirac spinor action R, . in
more detail in section 3.5.

3.3 Supersymmetry constraint as a tranversality constraint on a ‘polarized’
billiard particle

A further instance of the simplifications brought by the redefinition of the gravitino (3.9)
occurs when considering the “supersymmetry constraint” & ~ 0 [7]. This is a constraint
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on the initial data for the gravitino, which originates from the equation of motion of
the gravitino component 9°. Its explicit expression has been written down in equation
(5.14) in [7]. The first observation is that it considerably simplifies in the BKL-limit when
considered away from any wall. This is due to the fact that the hi;gher level contributions
negligible far away from the wall (i.e. they are proportional to positive powers of e—a(0)
that vanishes in the BKL limit 3% 4% — +00 (2.34)). Thus, after a rescaling, we are
left with a simplified supersymmetry constraint Spkr, &~ 0, with

Péllt)m%, Pg_)__%, ... as well as the off-diagonal components of Pég become exponentially

10

10

SprL = Y <5a —~ Zﬁ) L, Iy0. (3.21)
a=1 c=1

If we now replace the original (coset) fermionic variables 1)® in terms of the redefined

gravitino ¢® (3.9), we find that Spkr, acquires a remarkably simple form:

10
SBKL = Z Gaup3¢". (3.22)

a,b=1

Note that, contrary to the original form (3.21), this form is now factorized in the sense
that the hidden spinor index on gpb is left untouched. The constraint Sk, now affects
only the vector index of ¢®. More precisely, we see that the constraint Spki, &~ 0 says that
the contravariant billiard velocity v® = 3% (2.6) is orthogonal (with respect to the S-space
metric G (2.5)) to the ‘contravariant vector’ ¢® (3.9). The latter could be thought of as a
‘polarization direction’ orthogonal to the lightlike velocity v® (2.7) of the ‘billiard particle’
(as if we were talking about a Maxwell-like vector of helicity oc p%).

Note the remarkable fact that the (K (FE1g)-related) Euclidean SO(10) structure of the
original, exact supersymmetry constraint (exhibited in eq. (5.14) in [7]) has given rise to
a constraint which formally looks SO(9, 1) invariant, in the sense that it now involves the
(Eqo related) Lorentzian structure G (2.5). [One should however keep in mind that the
hidden, factorized spinor index on ¢ maintains its SO(10)-related nature.]

Furthermore, notice that the constraint S transforms as a Dirac spinor under a collision
with a wall a:

SpkL, = Réc. SBKL- (3.23)

This follows from combining the transformation properties of v® (2.47) and of ¢ (3.17)
and it proves in particular that the constraint Sgkr, & 0 is preserved under the evolution
in the BKL-limit.

Note finally how the billiard limit has analagously simplified the Hamiltonian con-
straint (2.7) and the supersymmetry constraint (3.22). They now seem to unite in express-
ing the ‘gauge invariance’ (in (-space) of an effective Maxwell-like particle: the billiard
limit of the Hamiltonian constraint expresses the massless nature of this (-space ‘pho-
ton’, while the billiard limit of the supersymmetry constraint expresses the transversality
constraint n*”p, A, = 0 linked to the Maxwell gauge invariance. As both constraints orig-
inally followed from other gauge invariances (diffeomorphisms and local supersymmetry),
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this intriguing transformation of gauge constraints in the billiard limit may be the tip of
the iceberg of an improved understanding of the symmetries of supergravity, and of their
possible Fyo/K(F1g) coset reformulation.

3.4 Conserved bilinear form and ‘gauge transformations’

It was found in [5-7] that there existed a symmetric,'” bilinear form (-|-),s on the 320-
dimensional vector-spinor representation space which was K (FEjg)-invariant, and therefore
invariant under the exact, coset fermionic equations of motion (3.4). This bilinear form was,
in particular, invariant under the SO(10) subgroup of K(FEjy) corresponding to SO(10)
rotations of the vector index a of 1)®. Indeed, its original expression in terms of two gravitini

1,19 was [7]:

($1]th2)us = — Z YT Tapth. (3.24)

a,b=1

Let us see how this form is transformed when substituting * by its expression in terms of
the redefined gravitino ¢® := I',T'%¢* (3.9). An easy calculation (using Ty = T,y — dap)

yields
10 32
(o1]02)us = Z GadiTeh = D> Gapieh?. (3.25)
a,b=1 a,b=1 A=1

Note again how the use of the ¢ variables has revealed a hidden ‘Lorentzian’ structure in
the form (-|-)ys. More precisely, the K (Eg)-covariant bilinear form (3.24) of two gravitini
¢% and ¢4 amounts to contracting their 32-valued Dirac-spinor indices in the standard
Fuclidean way, whereas their vector indices are contracted with the Lorentzian metric G
that was defined on the space of scale factors (3 (2.5). Let us also consider the corresponding
norm (when evaluated on real, commuting variables)

Q™(#) = (plp)us ZGaw 0. (3.26)

a,b=1

On the full p-space, this norm has a hyper-Lorentzian signature with 9 x 32 pluses and 32
minuses. However, we note that, when the supersymmetry constraint Sgky, = 0 is satisfied,
the norm Q"*(¢) becomes positive semi-definite. Indeed the supersymmetry constraint S
is saying that (when forgetting about the spinor index) the vector p® is Gyp-orthogonal to
the billiard velocity 3 (3.22). As, by the Hamiltonian constraint (2.7), (% is a G gp-lightlike
vector, ¢©% must then be either Gy-spacelike or parallel to 3%, so that Q"(p) > 0 (when
evaluated on real, commuting variables).

In addition to this positivity property, the supersymmetry constraint S (3.22) also
guarantees that the norm Q¥ (3.26) is not affected by the following Maxwell-like (longi-
tudinal) ‘gauge transformation’ of p® along the lightlike direction Ji (2.7) with any Dirac

"The form (-]-) is symmetric when evaluated on commuting variables, but antisymmetric for Grassmann
variables.
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spinor £ € 32:

Q"(¢") = Q" () (3.27)

for % = %+ (4.
As another example of the intriguing appearance of a Maxwell-type structure in the
fermionic billiard, it is interesting to observe that supersymmetry is a particular case of
this gauge transformation (3.27). To show this, we insert the redefinition (3.9) into the
supersymmetry variation ¢ (eq. (3.9) in [7]). Then in the BKL-limit, due to simplifi-
cations similar to those that occurred in the evaluation of the supersymmetry constraint
S (3.21), the only surviving term on the r.h.s. of eq. (3.9) in [7] comes from the term
X %N Qo(ab)FbFOa which yields (when keeping the only billiard-surviving contribution to
Q0(ap), Which comes from the time derivative of the diagonal part of the metric)

1.
b = 5. (3.28)

Note that since B“ is a lightlike direction (2.7), a supersymmetry variation leaves invariant
the orthogonality imposed by the supersymmetry constraint S (3.22). However, in con-
tradistinction to the arbitrary Dirac spinor § that we could use in our definition (3.27)
of a general ‘coset Maxwell-like gauge transformation’, the supersymmetry transformation
parameter € (3.28) is not arbitrary. Since local supersymmetry has been used to gauge-fix
¥? to vanish (3.3), only residual “quasi-rigid” transformations are admissible. In other
words, € is subject to the constraint 6.1/° = 0, which yields (see eq. (5.2) of [7])

Oe = Q%(t)e (3.29)

where Q (2.23) is again the same connection that entered the evolution equation for both
the bosons (2.25) and the gravitino (3.4), except that now it acts in the Dirac spinor
representation s of K (Ejg) (3.12). The previous reasoning (based on the spiky nature of
Q(t)) then shows that the dynamics of € (3.29) in the BKL-limit also follows a chaotic
billiard motion. In this ‘Dirac billiard’, any collision of the scale factors §* with a wall «
induces a K(Ejp)-rotation R;, . (3.18) in the Dirac spinor representation s (i.e. a 32 x
32-matrix) in complete analogy to the transformation of the supersymmetry constraint

S (3.23):
€ =R: . e (3.30)

,Eq

Note how this result, together with the r, transformation law of % upon collision on
a wall (2.14), implies that the supersymmetry variation term d.¢® (3.28) varies, under
a collision, in exactly the same factorized way as the full p* (3.17). This is another
check of the consistency of our findings. Due to the importance of the rotations R, .
for the dynamics of all fermions, we will continue their analysis in the following section.
To conclude, let us remark that eq. (3.28) shows that the effective Maxwell-like gauge
transformations of the ‘polarization vector’ added to the -particle by the fermionic degrees
of freedom comes from supersymmetry transformations. This shows again how the billiard
limit exhibits some intriguing metamorphoses of gauge symmetries, as well as of group

symmetries (SO(10) < SO(9,1)).
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3.5 Spin extension W*P™ of the Weyl group W of Ej

Summarizing the review of section 2.1, the bosonic dynamics reduce in the BKL-limit
to the evolution of the scale factors 5 (2.4) that follow a billiard motion: Hitting the
cushion of the billiard table corresponds to a collision with a dominant wall «; (2.10)
which interrupts the intermediate Kasner behaviour (2.6) and whose effect consists of a
Lorentzian reflection of the Kasner velocity v* = 3% (2.14). The link to the Kac-Moody
picture is established by identifying the dominant walls «; (2.10) with the simple roots of
the Kac-Moody algebra Fpy and the space of scale factors g with its Cartan subalgebra,
spanned by the co-roots &; = h; (2.22). Any Lorentzian reflection due to a collision with a
dominant wall a; then corresponds to a fundamental Weyl reflection o, € VW [21]. Hence,
any sequence of collisions during the chaotic evolution of the bosonic billiard corresponds
to a word w in the Weyl group W of Ejg in eq. (2.17), and the full evolution towards a
spacelike singularity corresponds to a semi-infinite Weyl word: - - - w, - - - wow;.

We have shown in section 3.1 that the gravitino can be understood as a (spinor val-
ued) ‘polarization vector’ ¢ associated to the scale factors 8%. In particular, any collision
induces a discrete K (E1p)-rotation R, (3.7) in the (unfaithful) vector-spinor represen-
tation. When acting on this ‘polarization vector’ ¢, the discrete K(Ejo)-rotation Ry’
factorizes as the tensor product of an ordinary Weyl reflection r, (acting on the vector
index of the suitably redefined gravitino variable ¢ (3.9)), and of a Dirac spinor rotation
Ri.c., (3.17), (3.18) (acting on the hidden spinor index of %).

These results suggest that to describe the general behaviour of fermions in the billiard
limit, one should consider a certain abstract ‘spin’ extension of the Weyl group of Ejg
(and more generally of any Kac-Moody algebra), say W™, This group can be abstractly
‘defined’ as the ‘discrete’ subgroup of (a suitable covering of) the ‘group’ K(FE), which is
(multiplicatively) generated by the formal exponentials

RE = T2l (3.31)

where ¢ labels the simple roots (i = 1,..., 10 in the Ejg-case) and, where J, = Ey,+w(FE,) =
E, — E_, (2.20) is an element of the K(Ejg) Lie algebra. We have put some quotation
marks in this definition, because the precise mathematical setting within which one could
define, in full generality, the ‘group’ K(F1g), its needed ‘spin’ covering (analogous to the
Spin(n) covering of SO(n)), and the formal exponentials (3.31), is unclear to us.'® On the
other hand, our study above has given us two concrete realizations of the abstract genera-
tors (3.31), namely R5’. (3.16) and R, . (3.18). We shall then focus in the following on
the two corresponding matrix groups, say W' and W?*. We define W as the subgroup of
GL(320) multiplicatively generated by (for i = 1,...,10)

RY = e2’ai (3.32)

18 This covering can probably be viewed as the amalgamation of Spin(2) groups associated to each SO(2)
group generated by J,, for any simple root c;. This interpretation will be supported by the observation
in eq. (3.34a) below that a rotation by 2, i.e. "Rii = ¢*™72 (3.31), indeed corresponds to a change of sign
acting in a spinorial representation of K (E1o).
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and W* as the subgroup of SO(32) multiplicatively generated by the matrix exponentials
of J;, (3.12)

T 7S

RS = ez, (3.33)

(67

Here, we have dispensed with the signs ¢, = =+ that entered our study above for two
reasons:

1. We shall see that the matrix generators R’ and R;, are idempotent (so that a

suitable power of, say, R% equals (R2) ™! = 67%‘]‘3‘?).

2. The sign of E,, and therefore of J,, = E,, — E_,, (2.20), is conventional and can
therefore be changed to absorb any sequence of ,,, without loss of generality.?

With this notation, we have proven some mathematical results on the concrete, matrix
groups WY and W? that we can summarize as follows, before indicating the main elements
entering the proofs (the mathematical details of which are given in appendix C).

Proposition 1

o The vector-spinor realization W' of W™ i.e. the group multiplicatively generated
by the ten 320 x 320 matrices RS (3.82), is infinite.

o The generators Ry’ of W satisfy the following generalized Cozeter relations:
(a) For all nodes «; in the Dynkin diagram of Eyg (figure 1), we find
(RE)! = —1. (3.34a)
(b) For adjacent nodes o, o, the corresponding generators fulfill
(RuERE)? = —1. (3.34b)
(c) For non-adjacent nodes o, o, the corresponding generators commute.

e The squares of the matrices (jo)? generate a normal subgroup D of W8, which is
non-abelian and whose cardinality is 2048.

e The Weyl group W of Ey is isomorphic to the quotient group W' /D%:
W ~ W' /D", (3.35)
The corresponding statement concerning the Dirac-spinor realization of W™ looks

similar, but differs in a very important aspect: W9 is a finite group, while W" was infinite
(like the Weyl group of Ejp):

19We recall that the J&; preserve the Euclidean norm Q°(e) = eTe [7].
20Note in this respect that €a,; s the sign of a conserved quantity in the BKL-limit. Hence, the sign eq,
for any dominant wall «; cannot flip during the asymptotic Billiard dynamics.
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Proposition 2

o The spinor realization W? of W™ (i.e. the group multiplicatively generated by the
ten 32 x 32 matrices R}, (3.12), (8.33) with i =0,...,9) is of finite cardinality.

e The generators Ry, of W?* fulfill the same generalized Coxeter relations (8.34) as
those of WY,

e The squares of the matrices (jo)2 generate a normal subgroup D® of W?, which is
1somorphic to DY defined for the vector-spinor representation.

o There exists a homomorphism ® mapping the Weyl group W of E1g to the quotient
group W?/D?:

D W — W/D". (3.36)

The non-trivial kernel of ® forms an (infinite cardinality) normal subgroup of the
Weyl group W of Eig.

It is interesting to contrast these results on what we called representations of the ‘spin’
extension W of the Weyl group, to the results of Kac [21] (p.36) on some representations
of the usual Weyl group W of a Kac-Moody algebra, namely:

Proposition 3 [Kac]

Let p be an integrable®' representation of E1g on a vector space V. To any Chevalley triple
(€4, fiy hi) with i =0,...,9, linked to the ten nodes in the Dynkin diagram of Eyg (figure 1
on page 7), associate an element in the space of endomorphisms End(V') by

rh. = exp(f!) exp(—el) exp(f7). (3.37)

These ten elements rh, generate a group WP C End(V'). Furthermore, their squares form
an abelian normal subgroup DP of VWP

DP = (((rf.)?i =0,...,9)) (3.38)
such that the quotient group is isomorphic to the Weyl group W of E1g
W ~ WP /DP (3.39)

Referring to appendix C for details of the proofs of proposition 1 and 2, let us comment
on some of their salient aspects:

e The fact that for W and W?, we get the specific generalized Coxeter relations of
propositions 1 and 2 (i.e. (RY)* = —1 and therefore (R%*)® = 1 instead of 72 = 1 for
the usual Weyl group) comes from the spinorial nature of the representations vs and

2L A representation p of a Kac-Moody algebra on a vector space is called integrable, if the raising and
lowering operators e; and f;, defined in section 2.3, are represented as locally nilpotent endomorphisms [21].
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s. Technically, this is due to the factor % in J3 = %FO‘ which leads to factors T
in RY and RS. By contrast, the action of R, = ¢27* on a Cartan valued P in the
coset representation led (as in the setting of Kac’s proposition 3) to phase factors
e*™ in RE (2.39), (2.46). More generally, note that an eigenvalue +is of J, (that
we shall refer to as being ‘spin s’) entails a phase factor e*2% In this language, the
phase factors e in RE*¢! can be thought of as coming from the fact that 73(22) was
a symmetric SO(10)-tensor, hence ‘spin 2’ versus ‘spin %’ of the basic Dirac-spinor
representation J$ = 2T with (I'*)?2 = —1. [Note in this respect that the type of
generalized Coxeter relations, and associated extensions of the Weyl group that have
been studied in [21, 25] would, in the present language, be connected to integer ‘spin
s’. The integral nature of s guarantees for these cases that the Weyl group is extended
in such a way that the generators ez (1=0,...,9) are represented by fourth roots
of unity.]

The finiteness of W?* was far from being a priori evident. This finite cardinality does
not follow from the unfaithfulness of the spinor representation because the vector
spinor representation vs is also unfaithful (it leads to a finite-dimensional represen-
tation space), but YW is infinite. This finite cardinality does not either follow alone
from the fact that WW* preserves a positive definite norm, namely Q%(¢) = €’¢, be-
cause the action of the infinite Weyl group on the compact unit spere e’'¢ = 1 in R32

could have led to a ‘chaotic’ non-periodic action with many accumulation points.

The technical difficulty in proving the finiteness of W* came from the fact that (using

(I')?2 = —1, like 1)

S s « 1 Fa

RS — o3l — it = 1F (3.40)
V2

contains v/2 in the denominator. Therefore, a product of n exponentials or, as we

shall say, a word of length n, R, RS, - -+ RS, a priori contains a factor (1/1/2)" which

@

could decrease without bound as n — oo and generate an infinite number of group
elements in W9 Appendix C explains in detail how we surmounted this difficulty.
Let us here only say that we used a four-pronged approach:

(1) We crucially use the fact that we are working within an algebra, which follows
from the representation in eq. (3.40). The anticommutation properties of Clif-
ford matrices I'® then imply some definite (anti-)commutation relations among
the RS, which involve coefficients of the form a + by/2 with a,b € Z. At this first

S

step, the use of the algebraic relations among elementary products R;, R, - -
has allowed us to push the dangerous v/2’s up to the numerator.

(2) Then using repeatedly, as in the proof of Wick’s theorem, the (anti-)commutation
relations among the R, we can reorder any element of W?* and express it as a
finite linear combination of ordered R:-products with Z[v/2]-valued coeffcients.
[Here we use the fact that the Galois extension Z[v2] = {a + bv/2;a,b € Z} is
a ring, i.e. that it is stable under addition and multiplication.] This leads to
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the following result: any word w in W?® uniquely corresponds to an element in
a Z[v/2]-lattice spanned by the finite basis of ordered products R’ R

o Ry

(3) At this stage, we can substitute the expression (3.40) of Ry, in terms of I'-
matrices in the general expression of any word w in W?*. This change of basis
introduces v/2-denominators, but only up to a finite power (which turns out to
be (1/4/2)19), because the basis is finite.

(4) Expressing the ‘orthogonality’ (w”w = T32) of a general word w € W* C SO(32)
then leads to many Z[v/2]-valued diophantine equations for the coefficients d4 €
Z[\/2] of the expansion of w (with A labelling the finitely many basis elements).
One of these Z[v/2]-diophantine equations reads

32 = di. (3.41)
A

Although the lattice of generalized integers a + by/2 is dense on the real line,
there is a finite number of Z[v/2]-valued points on the ‘sphere’ (3.41) (as can
be easily seen by decomposing eq. (3.41) in its two components along the basis

{1’ \/5})'

It might be interesting to add that our proof of proposition 2 of the generalized Coxeter
properties and of the finiteness of the spinor representation WW? of the abstract W™ on
the one hand can be straightforwardly generalized to other Kac-Moody algebras, and, on
the other hand, can be reformulated within a more abstract setting which does not make
use of the gamma-matrix realization (3.13), (3.14) of the ‘compact’ generators .J; . Indeed,
it seems that the main structure behind the proof is the following abstract, Kac-Moody
related ‘graded Clifford algebra’. First, independently of any explicit representation, we can
always define some abstract generators I'* (associated to each node of a Dynkin diagram)
as 'Y := 2J3 , i.e. such that eq. (3.13) holds by definition. An abstract ‘Dirac-spinor’
realization can then be defined by requiring that:

(1) all the ‘spin eigenvalues’ of the basic (‘Hermitian’) rotation generators i.J; are equal
to j5. = +3. This implies that (I'*")? = —1;

(2) the I'*’s corresponding to different nodes of the Dynkin diagram satisfy either an-
ticommutation or commutation relations I, I'*|y = —§;;. E.g. for the Eig case,
we have anticommutation for adjoint nodes (when A;; = —1), and commutation for
disconnected nodes (A;; = 0).

The same relation between this ‘graded’ Clifford structure?? (anticommutation versus com-
mutation) and the Dynkin diagram (A;; = —1 or A;; = 0) holds (in the generic case
D > 4) for the AEp_; Kac-Moody algebra associated to pure gravity in space-time di-
mension D [12]. [The case D = 4, which will be treated below, is non-generic in that the

22Tt seems that this structure, i.e. the properties (1), (2) above, follow from the requirement that the
eigenvalues of a general K(FEio)-normalized (3°,n2, = 1 in the simply-laced case) linear combination
> Na; JY has eigenvalues :i:%.
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special ‘gravity-wall’ generator I'** commutes with the symmetry-wall generators.] Our
proof applies in such a general setting (provided the strictly ordered products of I'*’s de-
fine a linearly independent basis), even if the representation space were infinite (though
necessarily made of finite, reducible components).

Concerning the links between the content of the propositions 1 and 2, and Kac’s
proposition 3, we think that the definition of rf, (3.37), though it looks very different from
that of R, = e~272i (3.31), will be formally equivalent to it in any Ejg-representation p in
which the exponential e~ 274 is well defined.? Indeed, a reshuffling (& la Baker-Campbell-
Hausdorff), needed to pass from one form to the other, only involves commutators of
the sly subalgebra generated by e;, f; and h; = [e;, fi], so that it should suffice to check

it in the natural representation [21] ele = (8 (1)), f;lz = ((1) 8) and Jélz? = ele — f;lz =
(91 é) For this case, one finds rgff = (01 701) that indeed agrees with exp(—%(gl é)) =
—(El (1)).24 Note in this context that an extension of the Weyl group of a Kac-Moody

algebra, together with generalized Coxeter relations, also appears in the construction of
the underlying Kac-Moody group structure in the work of Kac and Peterson [25]. However,
ref. [25] introduces an extension of the Weyl group by (Z2)" (where ris the rank), which
means that the generalized Coxeter generators are fourth roots of unity (contrary to our
‘spinorial’ extension that involves eighth roots of unity).

It is clear that there are similarities between the statements made in the propositions
1-3. In particular, the group W” of proposition 3 also is an extension of the Weyl group.
We wish however to emphasize that our results in the propositions 1 and 2 can in no way
be deduced from proposition 3 for several deep reasons. First, our propositions concern
K (Eyp) representations and not Ejp representations. Although any FEjo representation
also is a K (Fj) representation by restricting the action of Ejg to its subalgebra K (FE),
the reverse is clearly false in the case we consider in our propositions, because both the
vector-spinor representation vs (3.5) and the spinor representation s (3.12) of K (F1o) being
unfaithful (and finite-dimensional) can certainly not be lifted to representations of Ej
[indeed, Eqg, being simple, does not admit unfaithful representations (apart from the trivial
one)]. Second, the structure of the normal subgroups that are factored out is different: while
in our propositions the normal subgroups D", D? are non-abelian, DP is abelian in the case
of proposition 3.

Note, however, that Kac has used the setting of his proposition 3 to prove a result which
is closely related to the one we found above for the bosonic billiard. Indeed, by applying
the proposition to the adjoint representation p = ad, he showed that the adjoint action of
rgj (3.37) to the Cartan subalgebra b C Ej reproduces the action of the fundamental Weyl

+2J8

reflection r,, [21]. Given, for E1y representations p, the link rf ~ e mentioned above,

this agrees with our observation in section 2.4 in which we evaluated the K (Ejg)-rotation
Réid’aw (2.44) on the element of the Cartan subalgebra that corresponded to an incoming

Kasner geodesic (2.45), (2.47).

2 Any Eo representation p, defined by the representation of the Chevalley generators (e, f£,h?), canon-
ically induces a representation of its subalgebra K(F1o), generated by J&, :=ef — ff (2.20).
2Note that one would have obtained exp(Jr%(O 1)), if one had changed f; — —fi, e; — —e; in Kac’s

—10
definition (3.37).
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In the next section, we will investigate the truncation of SUGRA{; to D = 4 N =
1 supergravity that can be linked to the Kac-Moody algebra AFE3 in the BKL-limit as
mentioned in section 2.2. The analysis of this simpler case will provide a useful ‘toy setting’
in which some aspects of our Fpg results become easier to analyze in detail. In particular,
we shall be able to solve explicitly the supersymmetry constraint S (3.22) and to explicitly
exhibit the remaining degrees of freedom of the gravitino in terms of two Dirac spinors.

4 Fermionic billiard of D = 4 N = 1 supergravity and its K(AE3)
structure

4.1 AE3 and D =4 N =1 supergravity

In order to facilitate the link to the E7g-description of maximal supergravity, we want to
describe D = 4 N' = 1 supergravity as a truncation of the former theory reduced on a
seven-torus 7'7. The analysis of section 2.2 reviewed the known fact that the hyperbolic
Kac-Moody algebra AF3 naturally appears in a description of the BKL-limit of d = 4
gravity [1, 14]. We start this section with a review of the bosonic dynamics. Since the
gravitational walls are linked to the structure functions C'%,. introduced in section 2.2, it

is sufficient to focus on their dominant contribution to the supergravity Lagrangian in the
BKL-limit, which is

Lo =V,

_ +det(gmn)Rspatial
3
1
= Z e*QQZbc(B)(CabC)Q + subleading terms (4.1)

a,b,c=1

where the gravitational wall o, was defined in eq. (2.18) and where we used as usual the
gauge choice N = y/det(gmn) (2.2) [14] with m,n = 1,2,3. It was shown in [4, 11, 14]
that the (Iwasawa frame) structure functions C%,. have limits on the singularity, and that
they can be identified with the conserved conjugate momenta II,, (2.31) of coset variables
v, parametrizing a level-1 coset variable ®,, = ®;,. Here, we are interested in extracting
from all the gravitational walls the dominant one near the singularity. In view of the
ordering among the (’s imposed by the symmetry walls (O‘fm) (8) > 0 and oy, (B) >0
implying ' < %2 < %), it is easily seen that the dominant gravitational wall will be
93, which is connected to Clas. Then, either by using the coset-gravity dictionary given
in [4, 14], or by identifying (in the gauge n = 1) the one wall potential e=2*+()TI2  of
eq. (2.33) to the dominant gravitational potential 1e=2012(%)(Cl93)? (4.1), we find that
the dominant gravitational wall a, = af,; contributes the following term to the coset
connection Q|, (2.36):

Q

1
= 56—04*(6)0123!]&*. (42)

Olx

This equation will be crucial to obtain the correct normalization of the K (AFEj3)-generator
Jo, in the next section.
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4.2 K(AFEj3) and the fermions of D =4 N =1 supergravity

The dynamics of the gravitino ¢ of D = 4 N = 1 supergravity can e.g. be taken from [26]
(neglecting third order terms in fermions and with 9, = Nd)

3
0= Z’}/av[aﬂ)m (4.3)
a=0

with the standard Levi-Civita connection V, the Clifford algebra {y*,7%} = n°# and
n = diag(— + ++). We use the same redefinitions (3.2) as for the Ejp-case (i.e. the same
rescaling, but with indices restricted to a = 1,2,3) and adopt the supersymmetry gauge
¥? =0 (3.3). This leads to the following explicit form for the time evolution of the (coset)
fermionic variable 1, (using Einstein’s summation convention)

1 e
— Oppg = N <W0ab¢b + Zw06f7 f% (4'4)

1 1
+(wabc - Wbac)707b¢c + §Wabcr707b6d¢d - Zwbcd707b6d¢a> .

Our task now is to single out on the r.h.s. of this equation the dominant terms in the
BKL-limit: i.e. the ones corresponding to the two symmetry walls afu), ozf%) and the
gravitational wall a, = af,y5. First, we notice that the temporal derivatives of the metric
coefficients completely follow the scheme used in the Ejp-case (3.4), (3.5): They give rise
to the symmetry walls (2.9). One then easily finds that they lead to the same results
(restricted to indices a = 1,2,3) for the corresponding ‘compact’ generators Jafm), Jaf%)-

Denoting for simplicity «; := afu) and ag = af as in (2.9), one finds the following

23)
explicit expressions for the two putative K(AFE3) generators J,, and J,, corresponding to

these symmetry walls:

1 . . o
il g ggaliyitll for i = 1, 2. (4.5)

TEW) = 5

If we now extract from the r.h.s. of eq. (4.4) the contribution proportional to the dominant
gravitational wall c,. := afy3, we must be careful to collect several different connection
terms. Indeed, C''93 is proportional to 231 in the notation of [7]. Then the formula giving
the ‘spin connection’ wgpe in terms of Qg (see eq. (A.5)) shows that Clas o< Q931 will enter
in w123, woz1 and wszye. Finally, we get that the dominant gravitational wall contribution
to the equation of motion reads after substituting (2.2), (2.3):

1 1
_8“/}(1 — 56_2610123’70 (45&273],{/}1 _i_,)/123 |:§,l/}a _ 2531/}1]) )

By rewriting this equation in the universal coset-model form (3.4)

Opp = Q™(1), (4.6)

we can fix (by comparison with our previous result (4.2), and remembering that the dom-
inant gravitational wall a,(3) = 23" (2.18) does indeed give a factor e=+(9) = ¢=20') the

,31,



form of the putative K(AFE3) vector-spinor representation vs of the generator J,, in terms
of ~v-matrices:

I = = (4020 4412 |y~ 20t ). (4.7

At this stage, we extracted from the SUGRA, fermionic equations of motion explicit -
matrix expressions for the generators J7, J5° and J3° that should give rise to a ‘vector-
spinor’ representation of K (AFEs3). The proof that these generators indeed form a represen-
tation of the compact subalgebra K(AFE3) of AE3 crucially depends on the correct normal-
ization of the ‘gravitational wall’ generator J3* (which is fixed by the precise coefficient in
eq. (4.2)). We start by recalling that K (AF3) is defined by the free Lie algebra generated
by the compact generators J,, (2.20) for i = %, 1,2 modulo Serre-like relations [7] that are
inherited from the Serre relations of AE3. In particular, the condition ad%a* (Eq,) = 0 that
is encoded in the Dynkin diagram (figure 2 on page 8) gives rise to the following relation

for J,, involving the exceptional node:
ad’, (Ja,) +4ady, (Jo,) = 0. (4.8)

As in the K(Ejp)-case treated in [7], the manifest SO(d) invariance of the gauge-fixed
gravitino equations of motion (which follow from their original, local Lorentz covariance)
ensures that the condition (4.8) is the only Serre-like relation that needs to be checked.
By doing the explicit y-algebra calculation involved in eq. (4.8) when using the expres-
sions (4.5), (4.7) for J¥ in terms of v-matrices, we have verified that eq. (4.8) is fulfilled
and hence, that these generators J'* € R!2*!2 indeed form a matrix representation of
K(AE3).

This result was expected because the fact that the equations of motion of SUGRA4
admits a K (AF3)-covariant coset reformulation (in the BKL-like approximation where one
keeps the leading effect of all the gravitational walls O‘chb . With a, b, c all different), actually
follows from three known results:

(1) The fermionic dynamics of SUGRA1; admits a K (Eg)-covariant reformulation up to a
level of approximation (“I = 3~") which includes all the gravitational walls associated
to real roots [4].

(2) AEj3 is a subalgebra of Fpp obtained by keeping only a fraction of the generators of
Eq [21, 27]. This truncation, being compatible with the Chevalley involution, also
implies that K(AF3) is a subalgebra of K (F1g).

(3) The dynamics of SUGRA, can be obtained by reducing the dynamics of SUGRA{;
(truncating away, in particular, both the spatial dependence upon a seven-torus T
and the corresponding gravitino components).

It is moreover interesting to note that the ‘gravity truncation’ mentioned in fact (3) does
canonically determine an embedding of AE3 within E1g. Indeed, this truncation shows that,
besides the two dominant symmetry walls afu), oz‘(g23), surviving the reduction 10 + 1 —
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3 + 1, the third simple root of AE3 should come from the D = 11 (or Ejg) gravitational
wall associated with C'y3, whose dual form (entering the Fjq gravity-coset dictionary [4,
8, 14]%) is TIH145678910  and which is therefore associated to the level-3 Ejy generator
E14-10 1y other words, the gravity truncation 11 — 4 predicts that the subset of Eg
generators?® e; := K?; (associated to ale)), es = K35 (associated to fyz)) and e, =
Fll14..10 (associated to afy,) together with their Chevalley duals f; and the corresponding
h; = [ei, fi] should be identifiable with the three basic Serre-Chevalley generators of AEj.
The fact that the Cartan matrix associated to aq, as and «y coincides with the Cartan
matrix of AF3 is known and has already been reviewed in section 2.2 above. It is less
evident that e;, es and e, satisfy the required Serre relations of AFj3, and notably the
delicate one

ad?_(e1) = 0. (4.9)

One can directly prove that (4.9) is satisfied within the Fy¢ Lie algebra. Either one can use
the general theorem proven in [28] or notice that the putative Ejg-root 3au 4 a1 associated
to the Lh.s. of (4.9) has a squared norm (3c, + a1)? = +8, which is too large for the Lh.s.
of (4.9) to be an Ejg-generator.2’

This reasoning shows that the third K(AE3) generator J,, = E,, + w(E,,) (with

E,, = e.) can be embedded within K (Eo) as a generator of the form?®

Jo, = o JHI4-10 — ¢ (E1|14...10 —F1|14...1o) ‘ (4.10)

By starting from the unfaithful K (E1) representation of Jl%98 given in eq. (2.30)
of [7], and decomposing the Clifford(10) algebra according to I'" = 4% @ 1g (for o’ = 1,2,3
and setting ¥ = 0 for a = 4,...,10), we have checked the consistency of (4.10) with the
Clifford(3)-algebra representation (4.7) and determined that the numerical coefficient c,,
in eq. (4.10) must be equal to ¢, = +1. [This factor £ also follows from the normalization
adopted in [7] for the level-3 generators which implies (E1‘14"'10\F1|14m10) = 9. The sign
of ¢,, is unimportant in the present context and can be fixed at will.]

4.3 Factorized structure of the K(AFE3) fermionic billiard

Let us now describe the SUGRA, fermionic dynamics in the billiard limit. The treatment
is parallel to the SUGRA7; case discussed in section 3.1 and consists in combining the

effects on 1 coming from successive chaotic collisions on the three dominant walls aq, as

%In the notation of [4], this is DA'*1° ‘and in the one of [8], it is Pl(‘gl)4m10. It also corresponds to the

conjugate momentum II'" of @11 in [14].
26These conventions for the labelling of the generators is directly linked with the fact that the Iwasawa

variable A/ was chosen to be upper-triangular, which implied that e.g. 04?12) = 3% — B'. Note that these

conventions differ from the ones used in [7], e.g. e[lDKN] = K'5. With our conventions, the exceptional

generator in the F1o context is eg = E'?3 instead of e([)DKN] = E8910,
2"We thank P. Cartier for suggesting this test.
%Note that for the truncation of SUGRA1; to supergravities in d + 1 dimensions (associated to the

Kac-Moody algebra AFE,), the K(F10) generator linked to the dominant gravitational wall is Jo, =
Cop. JHLd=2d+1..10,
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and «, of AE3. As for maximal supergravity in eq. (3.7), we focus on a one-wall system
and integrate the equation of motion (4.6) as before. The computations from section 2.4
still hold for the AFs-case, with (4.2) replacing (2.36) for the dominant gravitational wall
a,.. Hence, the net effect of a collision with a wall « is a K (AFE3)-rotation about the axis J,,
with an angle ¢,%. This rotation turns the incoming gravitino ¢ into an outgoing one ¢':

V= Ree, (%) (4.11)

with R}fea = efo3/d being a 12 x 12 matrix acting in the vector-spinor representation space
of ¥ (where a = 1,2,3, while A = 1,2,3,4 is a real Majorana spinor index). Similarly
to the SUGRA; treatment above, we found that the transformation law of the gravitino

simplifies very much, if we replace ¥ by the following redefined fermionic variable:

©* == yy** (no sum). (4.12)

With this redefinition, we find again, in complete analogy to (3.17), that the transforma-
tion (4.11) in the vector-spinor representation factorizes as the tensor product of a Weyl
reflection r, (now acting in a 3-dimensional vector space a = 1,2,3) with a Dirac-spinor

rotation e®@37/d’ (now acting in the 4-dimensional Majorana spinor space). In formulee,
we have:
3 4
Pt = 3 el [Ra e et (4.13a)
b=1 B=1
where [ro(@)]* = ¢* — Ma#a (4.13Db)
(ala)
and Rp. = efoza (4.13c)

with JZ being Dirac-spinor generators acting in the 4-dimensional Majorana spinor space.
For symmetry wall rotations associated to a1 and «s, this result follows from a straight-

forward truncation of the K (Ejg)-results, with the Dirac-spinor representation

1 .
Js, = 57’7”1 fori=1,2. (4.14)

By contrast, the gravitational wall case needs a special treatment that we now sketch. We
start with the observation that the redefinition (4.12) simplifies the Lie algebra transfor-
mation (4.7) (with J2*(0)* = y07*J2% (¥)?) to

Vs a 1 a a a a
T ) = 3107 B[00 — 488 — 6% — 83)e). (4.15)

The orthogonal and parallel components ¢ and gpﬁ (3.10) of the gravitino ¢ turn out again
to be ‘eigendirections’ and hence, the J}*-action simplifies in the same way as in (3.11):

Jar bl = Ja. ] (4.16a)
Joo Pl = =3Ja,#1 (4.16b)
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where J is the Dirac-spinor action now defined as

1
Ji, = 5707123. (4.17)
In order to evaluate the group rotation R,’. (4.11) on the eigenspaces spanned by ¢ and
¢ (4.16), we have to evaluate the exponential series defined in (4.13) for the gravitational

wall av:

RS = efo o, (4.18)

Qi ,E vy

Since the difference of the action on the eigenspaces (4.16) again is only a sign due to
e = —e'1, we finally obtain after recombining v = @1 + ) the factorized transfor-
mation of the gravitino that we quoted above (and that is completely similar to (3.17)).
Let us also note (for future use) that the explicit form of the Weyl reflection r,, at the

gravitational wall a,, = afy; = 23! reads:
Ta. ()" = 9" — 2000 — 85 — 83)'. (4.19)

We will continue the investigation of this gravitino billiard in the next section, taking into
account the supersymmetry constraint S.

4.4 ‘Longitudinal’ and ‘transversal polarizations’ of the ‘G-photon’

Concerning the supersymmetry constraint S, the AFE3 model, describing the BKL-limit of
N =1 d = 4 supergravity, exhibits a qualitative difference with respect to the Ejg-case of
maximal supergravity: the constraint S ~ 0 can be solved explicitly, which entails that the
gravitino or ‘polarization vector’ ¢® can be split into a ‘longitudinal’ and a ‘transversal’
part, both being Dirac-spinor valued.?”

As a first step, recall that the supersymmetry constraint in the billiard limit (far away
from any wall) only depended on the velocities 3%, e.g. (3.21) for the Ejo-case. Since
N =1 d = 4 supergravity can be obtained by a truncation of maximal supergravity as
explained in section 2.2, it is not a surprise that the equation of motion of the gravitino
component 1° (4.3) in the present discussion (after the standard rescaling (3.2) and gauge-
fixing ¥° = 0 (3.3)) reduces to the obvious truncation of the formula (3.21):

3

0 ~ Spki, = Z (ﬁa — o))" (4.20)
a=1
3

with o := Zﬁc (4.21)
c=1

As before, the formulation in terms of the redefined gravitino ¢ (4.12) allows one to write
S as an orthogonality constraint with respect to the Lorentzian f-space metric G, (2.5):

3
0 ~ Spk1, = Z ngﬁagob. (4.22)
a,b=1

2Note however that these components do not transform as Dirac spinors under K(AF3) as we shall see
in eq. (4.31) below.
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From the point of view of the 3-dimensional Lorentzian geometry of (-space (forgetting
about the hidden spinor index), the supersymmetry constraint S ~ 0 (4.22) is a scalar
constraint on the 3-dimensional vector ¢®. It therefore restricts the gravitino ¢ to live in
a 2-dimensional hyperplane (actually, the ‘null” hyperplane tangent along B to the S-light-
cone). One can then explicitly parametrize ¢ in terms of two (spinor-valued) scalars, say
n and ®, by using the existence of the cross product of vectors in three dimensions:

3
1. 1 .
a a abe, b ac
= — — P. 4.23
@ Jﬂn+ab§16 u’p (4.23)
,C=

Here, o is the quantity (4.21), !?® = +1, and u® denotes the timelike vector in 3-space
which has unit (contravariant) components: u = (1,1,1). The vector u® plays a somewhat

special role in the AFEj3 billiard in that it naturally relates the Lorentzian metric G, (2.5)

3

to the Euclidean metric, say v-w =) _,

v®w®. Indeed, we have the identity:

3
Z Grovtw® =v-w— (u-v)(u-w). (4.24)
a,b=1

Keeping in mind that 59 is lightlike (2.7), the parametrization of ¢® in terms of ® and 7 is
easily seen to span the general solution of the supersymmetry constraint Sk, ~ 0 (4.22).
It is also easy to invert the parametrization (4.23) (constrained by (4.22)) and to express
the two ‘scalars’ n and ® in terms of ¢ (using 0 = u - 3 (4.21) and 02 = (- § (2.7)):

1< . 4.22) &
n=-) 8%t =T D¢t (4.25a)
a=1 a=1
138
o abc, a Hb, ¢
o = % bz:ls uf’p (4.25b)
a,b,c=

Pursuing the analogy of considering the gravitino ¢ as a polarization vector, n and ¢ can
be thought of as its longitudinal and transversal part, respectively. This point of view is
reinforced by the fact that the bilinear form (-|-) (3.25) for any two ‘polarizations’ ¢1, pa,
having the same null velocity B“, only depends on their transversal parts ®1, ®o (4.23):

(p1lp2) = 207 Py (4.26)

where &7 @y = 2?4:1 ®4®4 involves a trace over the hidden spinor indices. Note also that
the ‘gauge transformation’ of the gravitino ¢® along the lightlike direction 3% preserves
this bilinear form (3.27) and correspondingly only affects the longitudinal part 7. At this
point, we want to emphasize again that the decomposition of % into two scalar-like com-
ponents (4.23) is a peculiarity of the three dimensions of the S-space of SUGRA4 (or AF3).
In higher dimensions (i.e. higher rank), one will still have (3 and u as special directions in
(B-space, but they will not provide enough structure for selecting special directions in the
null hyperplane orthogonal to B“ (besides the ‘longitudinal’ direction B“ itself). Note also
that instead of parametrizing ¢® (in the AFE3 case) by two scalars, one could have also
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parametrized it by a lightlike vector A® (Zi,b:l ng)\“)\b = 0), with A% # 3% by writing
© =0 X\ ie o = Z‘;c:l €% 0P\ (with &%, = 22’,70/:1 ng,Gzc,aab/C/). We shall come
back to this possibility below.

As a next step, we will investigate the transformation of the parameters 7 and ® under
a collision with a dominant wall. At first, recall that the dynamics of the velocities 3 is

described by the bosonic billiard, i.e. for any dominant wall « with (a|a) = 2, we obtain
the Weyl reflection (2.14)

8 = ra(B) = 5 —a(B)a”. (4.27)

For the dominant symmetry walls o and ag (2.10), the reflection 74, (4.27) reduces to a
mere permutation:

Bt 3 Bt At
e | B2 = | B | andro, | B2 | = | 52| . (4.28)
3 3 3 32

Since these permutations leave the unit vector u = (1,1,1) as well as o (4.21) invariant and
since their determinant is —1, the relations (4.13), (4.25) immediately fix the transformation
of n and ® for the symmetry walls «; with ¢ = 1,2 in terms of the Dirac spinor action

RS, .. (413):
1= Racal (4.29a)
P = -R). .. P (4.29b)

On the other hand, a collision with the gravitational wall «, induces the Weyl reflection
To, (4.19)

s A
B=ra | 0| = | B2+28" . (4.30)
B?) B?) + 261

It implies o’ = o + 23! (4.21) and it allows one to deduce the induced transformations for
® and 7 using the Hamiltonian constraint 3 - 3 = o2 (2.7):

1 =R o, <<1 + %Bl> n+ 3(63 — 32)‘1>> (4.31a)
= -R; ... P (4.31b)

Qs €y

The gauge direction or longitudinal polarization 7 is changed in an inhomogeneous way,
in contradistinction to the transversal polarization ®. This implies that neither n nor ®
transform in the Dirac spinor representation of K (AFE3), the former due to the inhomogene-
ity and the latter due to the sign in (4.29b), (4.31b).3° The homogeneous transformation
behaviour of the transversal polarization ® was expected due to the preservation of the
Euclidean norm (¢|p) = 207 ® (4.26). By contrast, as this norm does not contain 7 it does
not provide any means to control the evolution of the longitudinal polarization n and is
thereby compatible with the inhomogeneous character of (4.31a).

309 could, however, be described as a pseudo-Dirac spinor, in analogy to a pseudo-scalar in particle
physics.
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4.5 Fermionic billiard dynamics and BKL-eras

Let us now briefly discuss the qualitative evolution of 17 and ® near a singularity. We recall
that, qualitatively speaking, the 3-dimensional BKL chaotic behaviour can be thought of
as made of eras that collect together (possibly long) sequences of Kasner ‘epochs’ (where
an epoch is an intervall between two successive wall collisions) [1]. To explain the meaning
of these eras, we start by recalling the ‘u-parametrization’ of the ‘Kasner circle’ [1]. First,
it is convenient to work with the Kasner exponents p® which are projective coordinates of
the (homogeneous) Lorentzian (3-space velocities B“, namely
a — ﬁa

3
=" witho = 3 and a = 1,2.3. 4.32
s withe = 35 ada = 1.2 (432

By construction, these lie in the plane
pr+pi+pt =1 (4.33a)
Furthermore, the Hamiltonian constraint (2.7) also restricts them to a sphere
(") + ") + () = 1. (4.33b)

The intersection is a circle that is parametrized by u € R U {oo} following [1]:

Pu) = =% ) = L ) =1 — (4.34)

Oy Oy Oy
with o, = 1 +u+ v

The transformation of the projective velocities p® (4.32) under a collision with a dom-

inant wall directly follows from the action on the velocities 5 (4.28), (4.30). These induce

the following transformations on the parameter u:3!

Ta,(u) = —u (4.35a)
oy (u) = —u—1 (4.35b)
Toy (1) = % (4.35¢)

Next, we recall that the Weyl reflections r,, for ¢ = *,1, 2 fulfill the Coxeter relations that
follow from the Dynkin diagram of AFj5 (figure 2). Apart from 7“(2)% = 1, these read

(7404*70042)2 =1 (4.36&)
(TalTa2)3 =1 (4.36b)
(ra;7a,)™ =1 (4.36¢)

The exponents k = 2, 3,00 correspond to the angles 7 between the dominant walls that
confine the billiard motion of the scale factors 3¢ to a polyhedron, which intersects the

31 As an example, the symmetry wall a1 interchanges p' and p? and leaves p® inert (4.28). This implies
Ty (p')(u) = p*(u) = p'(ra, (u), ra, (%) (v) = p' (u) = p*(ra, (v)) and ra, (p°)(u) = p°(u) = p°(ra, (u)).
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unit hyperboloid 3~ G4,3%8° = —1 into a hyperbolic triangle of finite volume. The spe-
cial geodesics with velocity u = 400 correspond to the ones that end at the fixed point
(p',p%,p%) = (1,0,0) (which corresponds to the flat Milne space-time), and hence do not
exhibit a chaotic behaviour. Chaos is restored for generic values of u € R, however. In par-
ticular note that this fixed point is unstable, because any finite, but large value u decreases
in a sequence of consecutive collisions with the walls «, and «; (4.35) due to:

Ta1Toy (u) =u—1 (437)

This sequence is called a BKL-era of length n = [u] € N [1].32 For long eras n >> 1, we can
neglect contributions of order w2, which simplifies the parametrization of the projective

velocities p® in terms of u (4.34) to

Substituting this in the transformation for n (4.31a) yields for 7,1 = ra, ra. (7)u:

) \ 2 1 1
et = R R (123 w21 o) +0(55)

We iterate this transformation n = [u] times and obtain for large n an approximate asymp-
totic relation linking the values at the beginning 7, to the ones at the end 7,_, of the
BKL-era:

n (1
M ~ (Riy e Ris e, ) (E"" + 2n<I>u> . (4.38)
As for @, its evolution during the considered era is simply given by

n
_ s s
Qu_n - <Ra175a1Ra*75a*> (bu

Qualitatively, we see that while the ‘spinor indices’ of both n and ® continuously ‘rotate’
under the spinor actions R, . ’s, their ‘scalar magnitudes’ evolve in very different ways:
the ® one remains constant, while the 7 one is made of two parts: One part, #nu, decreases
during an era, while the other part, 2n®, linearly increases during an era. When considering
successive eras, this leads us to expect that the (gauge-like) ‘longitudinal’ part n will
perform very large ‘excursions’, whose ‘directions’ (in spinor space) are restricted to the
orbit of the Dirac spinor action R, . on ®. In a ‘baby problem’, where we would replace
the ‘spinor direction’ by a direction in a complex plane, we conceive of 1 as performing a
kind of Brownian motion in the complex plane under a randomly oriented force (o< ®) that
grows linearly in time. In the next section, we shall study in detail the evolution of the
® degrees of freedom, i.e. the rotations in spinor space generated by the product of many
K (AE3) spinor rotations R, . -

%2Here, no := [u] denotes the integer part of u. The generic chaotic dynamics can in fact be understood
as a sequence of BKL-eras, whose lengths n; are fixed by a continuous fraction decomposition of wu, i.e.

_ 1
u=no+ pype—— [1].
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But before doing so let us indicate that if one had used the parametrization of %
by means of two lightlike vectors (B“, Ab), the action of the fermionic billiard on the pair
(3%, AY) (where only A’ has an extra spinor index) would be a “double BKL billiard”,
namely

B = rqa(fB) (4.39a)
N =-Ri. ®@ra(N) (4.39D)

with the same vector reflection r, (2.14) acting on the vector index of both light-like vectors.
We already know that the simple billiard B' = ra(B) has interesting chaotic properties; we
shall see in the next section that the R, . -billiard is not chaotic, but rather periodic (finite
multiplicative group). This means that the ‘chaotic’ part of the ‘doubled billiard’ (4.39)
will essentially come from a double bosonic BKL billiard: 3’ = ra(ﬂ.), N =r4(X). We leave
to further work the study of these dynamics.

4.6 Spinorial extension of the Weyl group Wag,

An important link between the cosmological billiard dynamics and hyperbolic Kac-Moody
algebras g consists of the fact that any sequence of billiard collisions corresponds to a word
in the associated Weyl group Wg. We have transferred this idea to the fermionic dynamics
in section 3.5 by defining the spin extension Wy’ " of the Weyl group Wy. For g = Eqg,
we have found two concrete realizations Wg* and Wy in terms of matrix groups (generated
by the matrices Ry (3.32) and R, . (3.33) respectively) that were characterized by the
propositions 1 and 2. For g = AFjs, We can perform a similar analysis. Since AFs5 is a
subalgebra of Ejg, the structure of the matrix realizations Wj%, and W}y of the spin
extension of the Weyl group shows great similarity to the Fjp-case, as exemplified by the
following statements:

Proposition 4
e The vector-spinor realization Wi, of WZ%Z, i.e. the group multiplicatively generated
by the three 12 x 12 matrices Ry} = e2 e (4.11) for i = «,1,2, is infinite.

o The generators Ry’ of Wik, satisfy the following generalized Coxeter relations:

(R = —1, (4.40a)
(R&R:,)" = 1 (4.40D)

and R’ commutes with RE) .

o The squares of the matrices (Rg) +)2 generate a normal subgroup Dy, of Wik,

which is non-abelian and whose cardinality is 2 X 8.
o The Weyl group Wag, is isomorphic to the quotient group Wik, /D;’f’E3 :

Wi, = Wik, /D, (4.41)

The discussion of the Dirac spinor action for the AFEj3-case can be made more precise
than the corresponding one for Fjg in proposition 2:
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Proposition 5

o The spinor realization Wi . of le%z, i.e. the group multiplicatively generated by the

three 4 x 4 matrices Ry, = eza (4.14), (4.17) with i = %,1,2, forms a finite group
of cardinality 4 x 48.

e The generators R, of Wi, fulfill an additional generalized Cozeter relation com-
pared to the ones of proposition 4: The matriz R;,, commutes with both R;, and
’RS

s SO that the group Wi g, is the direct product of two separate groups.

e The squares of the matrices (jo)2 form a nmormal subgroup Diyp. of Wipg,. It is
isomorphic to the group Dy, defined for the vector-spinor representation.

e The quotient group Wiy, /Dip, is isomorphic to Zg x S3. (Here S3 ~ SL(2,7Zs)
denotes the permutation group Ss of order 3!, which is the Weyl group of sls.)

o There is a homomorphism between the Weyl group Wag, and the quotient group
Wig,/Dig,

Its kernel forms a mormal subgroup of the Weyl group Wag,. This normal sub-
group is isomorphic to the principal congruence subgroup, defined by the kernel of the
canonical homomorphism

PSL(2,Z) — PSL(2,Z,). (4.43)

The proof of theorems 3 and 4 closely follows the one for the FEjp-case provided in

appendix C: the factorizability of the gravitino action R¢’ . =~ into a Weyl reflection ry,

and a Dirac spinor action Rg, . =~ allows one to consider proposition 4 as a corollary of
proposition 5 as before. The latter discusses the property of the group Wjp. , whose

generators can be written in the form (4.14), (4.17):

e = %(]1 + 707",
Rivew, = 5047
ooy = %(]1 +7%).
In this form, it is clear that R, . ~commutes with both R, | ay and RZ%EQQ and hence

can be discussed separately from the other two. It is interesting to phrase this fact in
terms of Dynkin diagrams: for AE3, it is straightfoward to check that all elements in the
quotient group Wi . /D% g, fulfill the Coxeter relations corresponding to the disconnected
diagram displayed on page 42. This is, however, not the Dynkin diagram of AFE3 (figure
2), but the one of the finite dimensional product group SL(2) x SL(3). Its associated Weyl
group is Zz x S being isomorphic to the group of equivalence classes W7 . /D% B, Note
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Figure 3. Disconnected diagram associated to the quotient group W3 . /D4 . -

that this statement is in sharp contrast to the Fg-case of section 3.5, for which there is no
additional Coxeter relation for the quotient group. The associated Coxeter diagrams for
F1 and for the quotient group Wi / Dy, , are the same but nevertheless, the latter was of
finite cardinality. We have checked that the ‘disconnection’ (figure 3) that occurs for AEj3
is non-generic in that the Dirac-spinor representations of the higher rank cases AFE; lead to
generalized Coxeter relations rooted in the full corresponding connected Dynkin diagram.

The statement that the kernel of the homomorphism (4.42) is a congruence sub-
group (4.43) is related to the observation that the Weyl group of AFj is isomorphic to
PGL(2,7Z) [29]. We can make this precise within the context of the cosmological billiard
dynamics. Using the parameter u (4.34) for their description, the transformations 74, of
u (4.35) provide a natural link between the generators of the Weyl group r,, (for i = x,1,2)

a; b;

. d,) with integer coefficients a;, b;, ¢;,d; and determinant +1

and 2 X 2 matrices A; := (
tantamount to
a;u —+ bi

. 4.44
U+ di ( )

Ta; (u) =

The three matrices A, A1, Ay generate the group PGL(2,7Z) [13, 29].33 As a next step,

consider the two group homomorphisms>*

det : PGL(2,Z) — Zs and
C: PGL(2,Z) — PGL(2,Z3) = SL(2,Z3).

The kernel of det is the modular group PSL(2,7Z) that hence is a normal subgroup of
PGL(2,Z). The same is true for the kernel of C. Furthermore, the intersection of two
normal subgroups again is a normal subgroup and it is non-trivial in this case: On the
one hand, we have r,, € Ker(C) and r,, ¢ Ker(det), whereas on the other hand r,, 7, ¢
Ker(C) and r,, 7o, € Ker(det) (4.35). Therefore, there is a homomorphism with kernel
Ker(C’) = Ker(C) N Ker(det) of the form

C': PGL(2,7) — Ty x SL(2,Zs).

Due to the isomorphisms PGL(2,7Z) ~ Wag, and SL(2,Z3) ~ Ss, the kernel of the homo-
morphism in (4.42) is isomorphic to Ker(C’) = Ker(C) N PSL(2,Z). Due to the identity
SL(2,Z9) = PSL(2,7Zs), it is furthermore isomorphic to the principal congruence subgroup,
defined by the kernel of the canonical homomorphism (4.43)

PSL(2,Z) — PSL(2,Z,).

33The Zo-factor in PGL(2,7Z) = GL(2,7)/Zx corresponds to the subgroup (+12) that clearly corresponds
to the same fractional transformation (4.44) keeping in mind that the matrix product agrees with the

concatenation of two transformations (4.44).
34The canonical homomorphism C amounts to mapping any element (‘c1 Z) € PGL(2,7) to the matrix of
7./27-equivalence classes GZ]] [[Z%) € PGL(2,Zy3).
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This completes the proof of theorem 4. O

We can also make this more precise in terms of 2 x 2-matrices. A comparison of (4.35)
with (4.44) yields:

-1 0 -1 -1 0 1
A, = , A = , Ay = .
0 1 0 1 1 0
It is an easy exercise to verify the Coxeter relations (4.36) in terms of these matrices.?
The additional Coxeter relation from proposition 5, saying that the matrix R, commutes
with R}, , corresponds to the fact that the images of the canonical homomorphism C'(A,)

and C(A;) commute in PSL(2,Zs):

[ ] (1] [=1]

Cldd) ( 0 [ ) Cldid,) ( o ) |
It may also be interesting to investigate whether this pattern linking principal congruence
subgroups to the description of the billiard dynamics of a Dirac spinor in terms of the
finite group Wy allows for a generalization to other Kac-Moody algebras g. A promis-
ing result in this respect was recently provided in [30], where the Weyl group of Ejy was
shown to be related to the ‘modular group’ PSL(2,0) of octonionic integers O (octa-
vians).?® This might hint at a possibility of identifying the kernel of the homomorphism
We, — Wiy, /DJ{J10 (3.36) in proposition 2 with a suitably generalized principal congru-
ence subgroup involving the octavians.

5 Conclusions

We have studied the “fermionic billiards”, i.e. the chaotic dynamics of the gravitino, that
arise in the near-spacelike-singularity limit (or Belinski-Khalatnikov-Lifshitz, BKL limit)
of supergravity. We have focussed on eleven-dimensional supergravity (whose bosonic cos-
mological billiard takes place in the Weyl chamber of Ejg), and have also considered in
detail N'=1 D = 4 supergravity (whose bosonic billiard takes place in the Weyl chamber
of AE3 = A]™). We have shown that a useful tool for studying the fermionic side of the
near-singularity cosmological billiards is the Kac-Moody coset reformulation of the super-
gravity dynamics. In this reformulation, the bosonic coset velocity P, and the gravitino
variable ¢, are both parallel-transported by the same abstract connection Q belonging to
the maximal compact subalgebra of the relevant Kac-Moody algebra, namely K (FEjq) for
maximal supergravity and K(AFEs) for its D =4 N = 1 truncation. The time evolution,
near a spacelike singularity, of the, say, K (FEjg)-valued ‘angular velocity’ Q(t) was shown
to consist of a succession of well-separated inverse-cosh ‘spikes’ associated to the collision

%Note that the relation (ra,7e,)?> = 1 (4.36a) (i.e. that the two matrices A. and A» commute in
PGL(2,7)) follows from the equivalence relation 1y ~ —1s.

36 Concerning the subtleties in defining a ‘group’ over the non-associative division algebra of octonions O,
we refer the reader to [30].
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on a ‘Toda wall’ (itself associated to a certain root a of Fjg). Each such K(FEg)-spike
takes place along the ‘rotational axis’ J, = E, — E_, = E, + w(F_4) associated (within
K (FE1)) to the corresponding wall root a.

We found that the integral over the collision of each ‘angular velocity’ Q(t) generates
a finite K (FEj¢) rotation given by the universal formula

Ra+ = et3le = F3(Ea—E-a) (5.1)

where the normalization of E, and E_, = —w(E,) (w denoting the Chevalley involution) is
such that E,, E_, and h,, := [E,, E_,] form a standardly normalized sls-algebra (see ap-
pendix B). When evaluated within the ‘adjoint’ representation which acts on the coset ve-
locity P (and in the billiard limit where P € b, the Cartan subalgebra of Eyg), the K (Ep)-
rotation (5.1) reproduces the standard geometrical Weyl reflection r,, see eq. (2.14). The
effect of each collision on the fermionic variable v is obtained by evaluating the general
abstract K (F1o) rotation (5.1) within the ‘vector-spinor’ representation of K (Ejg) to which
1) belongs. As a consequence, the billiard dynamics of the gravitino can be described as a
‘word’, i.e. a product, of discrete vector-spinor K (Ejp) rotations, say (as in (3.8))

w” =Ry - RY . R . (5.2)

INOTYiN 127" ig 1105 ¥y

where o, — o, — -+ — «a;, denotes an unbounded sequence of collisions encountered by
the billiard particle moving in the Weyl chamber of Eyg. Here, (i, ..., q;, ) is a sequence
of simple roots (the signs ¢,, = + associated to each simple root are fixed in the BKL-limit
and could here be all conventionally replaced by +). The vector-spinor word w"® (5.2) is
the fermionic side of the corresponding bosonic billiard result, described by a word in the
Weyl group, say

W= To  Tag, Moy, - (5.3)

We found that the ‘vector-spinor reflections’ (5.2) happen to factorize as the tensor product
of the usual vector Weyl reflections (5.3) and of a corresponding K (Ejg) ‘Dirac-spinor’
reflection as in (3.20), induced by the same sequence of collisions @, — aj, — -+ — @

w® = Rg‘iNvaaiN T RgziQ,eaiQ stxil,aail : (5'4)
We considered (5.2) and (5.4) as particular representations of an abstract ‘spin’ extension
WSP? of the Weyl group of Eip (or more generally of any Kac-Moody algebra), formally
defined as the discrete subgroup of a suitable covering of the ‘group’ K(Fjo), which is
multiplicatively generated by the formal exponentials (5.1). We found that the generators
of the two representations (5.2) and (5.4) of W?* satisfy generalized Coxeter relations
(see propositions 1 and 2 in section 3.5). We also found that its realization W in the
vector-spinor representation is infinite and contains a quotient group W' /DS (where D"
is a normal subgroup of finite cardinality) that is isomorphic to the usual Weyl group W.
Therefore, we can think of W' as a finite-index extension of WW. By contrast, we found
that the Dirac-spinor realization WW$ of W?*™ is of finite cardinality. Physically, this means
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that a Dirac-billiard, described by the action of the words (5.4) on some initial 32-valued
Dirac-spinor variable €g, has only a finite orbit in R3? (though, due to the chaotic nature
of the underlying Weyl-chamber billiard, the sequence of Dirac variables €1, €a,..., €y, ..
will run chaotically over the finite orbit W?).

Although our results have relied on the use of the only currently known spinorial
representations of K (Ejg) (which are both finite-dimensional and unfaithful), we think that
these results could be more general, and will, in particular, apply to the representations
of W(s;p " (where G is a ‘Kac-Moody group’) that are defined as the tensor product of a
representation of the Weyl group Wy and a ‘pure spin %’ representation of K(G) (where
each K (G) rotation generator has eigenvalue +1).

As a particular example of another Kac-Moody algebra of interest for physics we con-
sidered AFE3, whose Weyl group describes the billiard of pure supergravity in D = 4 dimen-
sions. We explicitly studied the fermionic billiard that arises in N' =1 D = 4 supergravity.
It is a simpler version of the E1g case, though it retains the main features mentioned above:
e.g. factorizability, existence of generalized Coxeter relations, finite cardinality of W}, .
A special feature of the AF3 case is, however, that W9 g, can be decomposed into two
commuting quotient groups, because the rotation generator J; € K(AFEs3) (associated to
the dominant gravitational wall) happens to commute with the two other simple generators
J§, and J3,. This situation is non-generic in that it does not occur for the AE; case (which
is associated to pure gravity in D = d + 1 dimensions).

Finally, we found that the ‘super-billiard’ obtained by combining the bosonic and
fermionic billiards exhibits (for Eyg as well as for AE3) a striking analogy with the dynamics
of a ‘polarized photon’ bouncing on the Lorentzian mirrors corresponding to the Weyl
chamber of F1g (or AF3). It has a ‘momentum’ v* (given by the Cartan-space velocity v* =
B“), a ‘polarization vector’ p® (linked to the vector-index of the gravitino, after a suitable
redefinition (3.9) or (4.12)), two on-shell constraints (‘masslessness’, >, Gapv™® = 0,
and ‘transversality, > ab Gapv®p® = 0, where Gy is the flat Lorentzioan metric in Cartan
space), and a Maxwell-like gauge invariance (¢'* = ¢® + £v®). This analogy exhibits
some intriguing metamorphoses of gauge symmetries (local supersymmetry < Maxwell-
like gauge symmetry), as well as of group symmetries (SO(d) < SO(d — 1,1)). It may
hint at new ways of using the conjectural gravity-coset correspondence for illuminating the

hidden symmetries of maximal supergravity.
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A D = 11 supergravity
Following the conventions in [7], we use a real representation of the Clifford algebra

{4, 0Py =% (A1)
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with n = diag(—+---+4) and A, B =0,...,10. The Lagrangian of D = 11 supergravity [20]
in the vielbein frame (2.3) reads modulo higher fermionic terms using Einstein’s summation

convention®”

_ 1 (- 1
e 1L = ZRH — §¢£‘11)FABCVB¢(C}1) _ @FABCDFABCD

_%< gl)FABCDEngl) +12wél)rBCw81)> FABCD

2¢ 1

31 gABCDEFGHIIK ) b Fppan ALk . (A.2)

_l’_

Here e denotes the determinant of the vielbein 611?/1 in 11 dimensions and A, B are ‘flat’

frame indices. We reserve M, N,... for D = 11 coordinate indices. The field strength is
Fapcp = 4V[4Apcp) with the Levi-Civita connection V. The supersymmetry variations
are with I'p; := ef/[I‘A

5ot = z‘EFAwE\?) (A.3a)
1
5. 5\21) — Vae+ i (FMNPQR _ 85A]\2FPQR) eFNpPoR (A.3Db)
3.
55AMNP = _§Z€F[MN,¢JS]1) (A3C)

The equations of motion following from the Lagrangian (A.2) are as in [7] to lowest order

in fermions:

1 1
Rap = gFACDEFBCDE - %UABFCDEFFCDEF (A.da)
1
v FABCD _ — eBODEv.EsFyFap, o o (A.4b)
11 1 11

We also use the decomposition of the spin connection wapc = wape) in terms of the
anholonomy coeflicients Q24pc = Qapjc that reads

1
WABC = 3 (Qapc + Qcap — QUpca) (A.5)

with Quape = ZE%Egﬁ[MEN]C.

B General (non-simply laced) case for the one wall limit

Let us indicate what are the modifications to bring to the reasonings of section 2.4 in
the case of a non-simply laced algebra where the various real roots that one might have to
consider do not all have the same norm. First, note that, in the context of the gravity-coset
correspondence, the Cartan subalgebra is naturally endowed with the symmetric bilinear

3TNote that in most of the text of the paper, we suppress the use of Einstein’s summation convention to
avoid ambiguities.
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form Gy, associated to eq. (2.5). The metric Gy, (together with its inverse G?) then
defines the norm of any root: (ala) := 3, G®aza;. G also provides one with the
general definition of the co-root & = h,, € h that is associated to a general (non-null) root

a € h*, namely (generalizing the simple root case (2.22)):

2
at = @ )a#a (B.1)
ola
where a#® = o G®qy. The definition, and in particular the normalization (with the

factor 2/(a|a)) of hy, = &*H, € b (where H, is the 8-coordinate basis in bh; Gap = (Hy|Hp))
is such that

alhe) = ald) = 2. (B.2)

Kac [21] has shown that the symmetric bilinear form (:|-) defined on h (and h*) admits a
unique extension to the full Kac-Moody algebra g when requiring its invariance (([z, y]|z) =
(z|[y, z]) for any x,y,z € g). In particular, he has shown that two generators E, (with
associated root o > 0) and E_,, (with associated opposite root —a < 0) satisfy [Ey, E_o] =
(Eo|E_y)a. In view of this result, it is convenient to normalize the generator E, (and
its Chevalley associated E_, = —w(F,)) such that

(BolEy) = (Oja) - (B.3)

Indeed, with this normalization the three generators F,, F_, and h, = & € h satisfy
ha = [Ea, F_4] (B.4)

together with

ey Ea] = +a(ha)Ban 22 120, (B.5)

In other words, the normalization (B.3) ensures that the three generators E,, E_,, hq

satisfy the commutation relations of a standardly normalized sls algebra. [When (a|a) = 2,

eq. (B.3) reduces to (Eo|E_4) = 1 which is the normalization we had used in section 2.4.]

Let us now see how the use of the normalization (B.3) changes, when (a|a) # 2, i.e.

0o # 1, the calculations done in section 2.4. The first formulse of section 2.4 that are

affected by the generalization allowing for o, # 1, are the Lagrangian L], (2.30) and the
conjugate momentum II, (2.31), which now read:

10
_! jagh 4 0o 2a(9) ;2
Ll = 2@;1 G338 + e i (B.6)

I, = 02—“e2a<5>pa (B.7)

Then, when decomposing the motion of 3 in parallel and orthogonal pieces, we also need to
. 3\2
remember that the kinetic energy of the orthogonal part is no longer ia(ﬂ)Q, but % =

%Q(B)Q. The conservation of orthogonal energy (2.33) gets modified into

[e% ; 1 —
B = Zra(B)? + —e 2,

Oq
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Then, the solution (2.34) takes the form
I |

B — o cosh(co(t —t¢))
dh 2 = 2B
with ¢ = —,
Oa
and the angular velocity 6 (2.37) reads
i — Ho —a()
Oa

while its integral becomes

0(t) = e, arctan (eco(t*tc)) +0_

with the sign ¢, = IEZI € {£1} as before. As we see, the final result is not affected by
this generalization: the kink in 6(t) is &% independently of the initial data (apart from
the sign of II, ), and of the norm of a. The crucial point is that the ‘rotation generator’
Jo = E, — E_, entering the final result (2.44) is normalized in the standard sl way, see
egs. (B.4), (B.5). This is, e.g., what we had used in the explicit SL(2,R) calculation (2.46).

C Proof of the propositions of section 3.5

The factorizability of the vector-spinor action R¢’. into the tensor product of a Weyl
reflection 7, (2.14) and a Dirac spinor action (3.17) will allow us in fact to consider propo-
sition 1 as a corollary of proposition 2. The proof of the latter will be divided into several

parts. We start with proving the generalized Coxeter relations:

Lemma 1

The matrices Ry, € R332 (3.12), (8.83), associated to the dominant walls oy with i =
0,...,9 (2.10), fulfill the following generalized Coxeter relations:

(Ry,)" = -1 (C.1)

If two nodes «;, aj in figure 1 are not linked, the associated matrices commute, otherwise
these fulfill

S S 3 _
(R, Ry)" = —1. (C.2)

The ten elements Ry, generate a group W*. Note that this implies in particular that the
generators RS (3.12), (8.18) would have generated the same group for all choices of

Qi €ay

S1gNS Eq, -

Proof. We start with the observation that the matrices 'V = 2.J;  (3.14) with i =0,...,9
square to the negative identity matrix. This entails the relation (C.1) after an evaluation
of a matrix exponential series (equivalent to ¢™ = —1) with the unit matrix 1:

(RZ¢)4 (3i8) ewF%
- -1
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It also allows us to rewrite the group elements in a different manner:

RS, = %(n ), (C.3)
Given any two nodes «;, ; in figure 1 on page 7 that are not linked, the identification of
' with T-matrices (3.14) then immediately implies that the corresponding group elements
commute, taking into account the Clifford algebra relation {I'*,T*} = 2§%°. For the case
of linked nodes «;, o, the product k of the anticommuting matrices i := I'** and j := I'%
is a square root of —1 again. k := ij also anticommutes with i and j. The elements i, j, k
generate a multiplicative group with 8 elements (namely {£1, i, +j, £k}). This allows for
an easy evaluation of the product of the matrices Ry, (C.3):

s s 1 L
RoRa, = 5(]1—|—1—|—J—{—k)

1
= 5 (1+V3I) (C.4)
with mi+nj+pk =: /m2+n2+p2l for m,n,p € R,
which is a standard formula for anticommuting quaternions i, j, k with I> = —1. Since (C.4)

is a third root of —1, the relation (C.2) follows.

Another consequence of the relation (C.1) is that any matrix R;, is an eighth root of
unity. This in particular implies that its inverse also is contained in the set of words W*
generated by arbitrary products of the matrices R;,.. Thus, W* is endowed with a group

structure. Since the inverse of R, .~ (3.18) is Rj, _., , the group W? is not sensitive to
the choices of g4, € {£1}. O
Lemma 2

The group W* generated by the ten matrices Ry, (3.12), (5.33) is a finite subgroup of
SO(32).

Proof. First, we recall from [7] that the algebra generators .J; (3.12) are particular cases of
K (FEjg)-generators acting unfaithfully on a 32 dimensional space endowed with an invariant
norm (Q° which reads for any e € R32:

Q'(e1,62) = eleg = Y el (C.5)

This implies J; € sozz and for the group generators R}, = e2’%i (3.33) Ry, € SO(32).
Hence, the group W?* is a subgroup of SO(32). We will show next that W9 is finite.
Squaring the equation (C.3) results for any i € {0,...,9} in the identity

(R3,)* =1
=R . V21 (C.6)

Qir€ay

We have already shown in lemma 1 that two rotations R, commute, if the associated
nodes in the Dynkin diagram of Ejg in figure 1 on page 7 are not connected with a line.
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For all the remaining cases, it is a straightforward calculation with I'-matrices to verify the
following anticommutation relation:

{RaRa} = RS, V2+ RS V21 (C.7)

Hence, any matrix product of generators R, can be written as a sum of ordered matrix
products, for which there only are a finite number of possibilities due to the relation (C.6).
Furthermore, the coefficients of the ordered matrix products are contained in the Galois
extension Z[v/2] of integers. In other words, the group action in W? stabilizes on a Z[v/2]-
lattice, spanned by the ordered products of generators R,.. In formulee, this means that any
word g € W# constructed from these generators can be associated to constants ¢, € Z[v/2]
such that

g—coll—i—chRS —i—Zch oy 2124-...

11 <i2
+ Z Cir.ing Ry, - R (C.8)
i<+ <410
In order to prove the finiteness of W?, it is hence sufficient to show that the constants
¢+ € Z[/2] may only take a finite number of values. As a next step, we substitute the
[-matrices for R, (3.14), (C.3) in this expansion. This implies that a general element
g € W? has the form

10
g = 32 (doll + Zd P + Zdaum aiaz +o 4+ Z dal---a1ora1---a10> .

ai<a2 a1 <---<aig

The important observation is that there is a maximal denominator which is 32 = \/510
and that the coefficients d, € Z[v/2] are still Galois extended integers. Since the group
W?# is a subgroup of the special orthogonal group SO(32) (C.5), any g € W?* has to fulfill
the orthogonality constraint g7 g = 1. Taking the trace of this constraint (i.e. considering
the part oc 1 in the expansion of g”'¢ along the ordered I'-basis) leads us to the following
diophantine equation:

10
BR2=di+ Y di+ > At > di (C.9)

a=1 a1 <az a1 <---<aio

Now, the substitution d, =: d’, 4+ d”+/2 of the Galois extended integers d. € Z[v/2] for
ordinary integers d., d! € Z produces two equations from (C.9):

39 — d/2 —|—2d”2 _|_Z d/2_|_2d//2 Z d/a21 ato _|_2dé1 am) (C.10)
a=1 a1 <--<aio
10
0= dédg + Z d;dz ++ Z déu alodgl .ai10

a=1 a1<---<aio

Since all terms on the r.h.s. of (C.10) are positive and the coefficients d.,,d] are integer,
the number of solutions of the equation (C.10) is finite. As the collective of integers d., d”
parametrize a general word g € W?*, this proves that W? is of finite cardinality. O
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Lemma 3

The squares of the generating elements R, (3.12), (3.33) of the group W?* fori=0,...,9
form a normal subgroup D* of W?*:

D* = (((R3)*i=0,...,9)) (C.11)
Vge WS, VheD® g-h-gteD’ (C.12)

The subgroup D?* is not abelian and its cardinality is 2048.

Proof. Since the ten generating elements (Rj,)? (3.12), (3.33) for i = 0,...,9 are fourth
roots of unity (C.1), their free product indeed forms a subgroup D* of W?*. Furthermore, the
relations (3.12) and (C.6) in fact imply that the group D® (C.11) is generated by products
of the following Clifford matrices:

HDS — <<F12,F23,. B ’]:1910’]:1123>>‘

A short computation proves that the generating Clifford matrices I'* for a = 1,...,10 are
contained in D?® and hence, we have

DS = {£1, £T%, 09 +09-0|g; € {1,...,10}} . (C.13)

Therefore, the cardinality of D* is 2!t = 2048 and it obviously is not abelian. To prove
that D? is a normal subgroup, it is sufficient to show that the relation (C.12) is fulfilled for
the generators R;, € W* (C.3) (with i = 0,...,9) and the generators h € {£1,+I'*} (for
a=1,...,10)

1

Roi b (Rgli)_ € D7,
which can be easily checked by a direct computation. O

Lemma 4
There is a homomorphism ® between the Weyl group W of E19 and the quotient group
WS Ds:

oW — WD (C.14)

Proof. As shown in lemma 3, D® is a normal subgroup of W?#. Hence, the coset W?*/D?

in (C.14) is well-defined. Next, we define the mapping ® (C.14) by linking the fundamental
reflections 7o, € W to the D*-equivalence classes [R}, | of generating elements of WW*:

oW — W/D? (C.15)

Ta; = [Ra,] =t T

(3

The mapping ® can then be extended to the entire Weyl group W by the usual relation
for any two fundamental reflections r,,74; € W with i, j € {0,...,9}

@(raira].) = @(Tai)q)(raj ).
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To complete the proof that ® (C.15) defines a homomorphism, one has to check that the
identity 1 € W can be mapped to the D®-equivalence class [1] of the identity in W?* in
a consistent way. This is equivalent to checking that the Coxeter relations that the Weyl
group W is subject to and that are encoded in the Dynkin diagram of Fjo (figure 1 on
page 7), are preserved by the mapping ®:

72, L 1), (C.16a)
(Faifaj)?’ = (1] for adjacent nodes «, crj and (C.16b)
(fafaj)Q < (1] for non-adjacent nodes o, a;. (C.16¢)

The first equation is an immediate consequence of the definition of the normal subgroup D?,
the second one follows from the relations (C.2), (C.13) and the third one can be deduced
from the first one (C.16a) taking into account that the matrices 7, and 7,; commute for
the case of non-adjacent nodes as shown in lemma 1. O

The proof of theorem 2 is then completed by combining the four lemmas: Since the
group W? is finite (lemma 2), the cardinality of the quotient group WW?*/D? also is finite.
Combining this observation with the infinite cardinality of the Weyl group W of E1g, any
homomorphism ¢ (C.14, lemma 4) must have a non-trivial kernel, corresponding to a
normal subgroup of the Weyl group W of Fyg. O

As mentioned above, the proof of proposition 1 follows from a combination of propo-
sition 2 and the factorization of the vector-spinor action R’ into the tensor product of
a Weyl reflection 7, (2.14) (acting on the vector part of the gravitino ¢%) and a Dirac
spinor action R, (acting on its spinor part) as exhibited in eq. (3.17). In formulee, for all
dominant walls a; (2.10) with 7o, € W and R, € W* we have

RE =14, ® RS, (C.17)

The group structure of W is then inherited from the group structure of the Weyl group
W and of the Dirac-spinor group W?*. Since the fundamental reflections r,, of the Weyl
group W are subject to the Coxeter relation 7“(2)% = 1, the squares of the generators of W%
have the form
(R = 1@ (R, .. )

This immediately implies that these matrices generate a normal subgroup D" of W that
is isomorphic to D?® and hence shares all its properties. The generalized Coxeter relations
stated in proposition 1 then also directly follow from the tensor product structure (keeping
in mind lemma 1 and the standard Coxeter relations for the Weyl group W of Ejy (C.16)).
Furthermore, a homomorphism & linking the Weyl group W of Ejg to the quotient group
WU /D" can be constructed in a similar way as in (C.15). Hence, we are left with proving
that the homomorphism @ linking the Weyl group W of Ejq to the quotient group W"¢ /D

is an isomorphism (3.36):

®:W — W/DY,
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The tensor product structure of Rg® = 7, @ RS, ., (C.17) together with the isomorphism
of the quotient groups D" ~ D* and the Dirac-spinor mapping (C.15) implies that a general

word w (with w = ry,Ta, -+ T, ) in the Weyl group W is mapped by @ to:

W — WP/D™
W wRT (C.18)

The issue is now to know whether one can wuniquely reconstruct the pre-image w € W,
when one is given some equivalence class of matrices in the tensor product W". Clearly
given a matrix R%4p (3.17), it determines the factor w?, it comes from modulo a (real)
factor, say Aw®,. But we also know that w € W is an orthochronous Lorentz transformation
which preserves the Lorentzian norm Gabﬁaﬁb. This implies that there is a unique w within

a “line” Aw. [Even A = —1 is impossible, because W preserves the future light cone in
(-space.] This completes the proof of the propositions of section 3.5. U
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